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The National Anthem of Sri Lanka 


Sri Lanka Matha 

Apa Sri Lanka Namo Namo Namo Namo Matha 
Sundara siri barinee, surendi athi sobamana Lanka 
Dhanya dhanaya neka mal palaturu piri jaya bhoomiya ramya 
Apa hata sepa siri setha sadana jeewanaye matha 
Piliganu mena apa bhakthi pooja Namo Namo Matha 
Apa Sri Lanka Namo Namo Namo Namo Matha 

Oba we apa vidya 

Obamaya apa sathya 

Oba we apa shakthi 

Apa hada thula bhakthi 

Oba apa aloke 

Apage anuprane 

Oba apa jeevana we 

Apa mukthiya oba we 

Nava jeevana demine, nithina apa pubudukaran matha 
Gnana veerya vadawamina regena yanu mana jaya bhoomi kara 
Eka mavakage daru kela bevina 

Yamu yamu vee nopama 

Prema vada sema bheda durerada 

Namo, Namo Matha 

Apa Sri Lanka Namo Namo Namo Namo Matha 
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With the continuous advancement of the world, the education sector too is 
transformed. Therefore, if we require the creation of a student community who 
could confront the future challenges successfully, our learning teaching process 
must constantly utilize effective approaches. It is our responsibility to 
disseminate the knowledge of the new world while assisting to create global 
citizens with good values. Our department is actively engaged in producing 
learning tools with the great aim of contributing to enlighten the minds of the 
children of the country. 


A textbook is a repository of knowledge. At times, it takes us to a world of 
entertainment while developing our critical thinking faculties. It promotes our 
hidden potentials. In the coming years, the memories related to these textbooks 
will bring you happiness. While making the maximum use of this valuable 
learning tool, you must essentially access other useful knowledge spaces too. 
This textbook is offered to you free of charge as a great gift of the free education. 
Only you can add a value to the great fortune that has been spent by the 
government to print these textbooks. I wish that you would gain the ability to 
enlighten the future as citizens with knowledge and values by using this 
textbook. 
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Message of the Board of Compilers 


This textbook has been compiled in accordance with the new syllabus to be 
implemented from 2015. 


Textbooks are compiled for students. Therefore, we have made an attempt to 
compile this textbook in a simple and detailed manner making it possible for you to 
read and understand it on your own. 


We have included descriptions, activities and examples to introduce the subject 
concepts in an attractive manner and to establish them. Moreover, activities are 
organized from simple to complex to develop an interest to do them. 


We have used the terms related to mathematical concepts in accordance with the 
glossary of technical terms of mathematics compiled by the Department of Official 
Languages. 


Some subject matter learnt during the earlier grades is necessary to learn the subject 
content in the grade 10 syllabus. Thus, review exercises are included at the begin- 
ning of each chapter to revise previous knowledge. You will be prepared by them 
for the subject content of grade 10. 


You will gain maximum benefit from this textbook by reading the chapters and do- 
ing the review exercises of each chapter even before your teacher teaches them in 
the classroom. 

We hope that studying mathematics will be an interesting, joyful and productive 


experience. 


Board of Compilers 


viii 


Perimeter 


By studying this lesson you will be able to 


e find the perimeter of a sector of a circle and 
e solve problems related to the perimeter of plane figures containing sectors 
of circles. 


( Perimeter of Plane Figures 


In previous grades you have learnt how to find the perimeter of plane figures 
such as a rectangle, a square, a triangle and a circle. Facts relating to these can be 
summarized as follows. 


Plane Figure Perimeter 


Rectangle | breadth 2 (length + breadth) 


4 x length of a side 


Triangle Sum of the lengths of the three sides 


Circle 2m x radius 


For free Distribution 


Review Exercise 
1. Find the perimeter of each of the following plane figures. 


(i) (ii) (üi) 
20 cm C] i 
10 cm T em 
Piem 
(iv) O (vi) 
12 cm 
3 cm 
3 cm 10 cm 
8 cm | 
10 cm 


4cm 6cm 


While doing the above exercise you would have recalled facts on finding the 
perimeter of some basic plane figures as well as of compound figures. 
Now let us consider the perimeter of sectors of circles. 


(Sector of a circle 


A The region which is shaded in this figure is a portion of a 

circle with centre C which is bounded by two radii and a 

part of the circumference. Such a portion is called a 

AO) sector of a circle. The angle 9 (4CB) which is the angle 
8 between the two radii is called the angle at the centre. 


The angle at the centre can take any value from 0° to 360°. 


e The sector that is obtained when the angle at the > 
centre is 180° is a semi-circle. A LA B 
C 


e The sector that is obtained when the angle at the 
centre is 90° is a quarter of the circle. 


Gi Finding the arc length of a sector of a circle 


r Arc length 


C 
The figure illustrates a sector of a circle of radius r. Such a sector is called a sector 


of radius r and angle at the centre 8. Let us now consider how the arc length of such 
a sector of a circle is found. 


Let us first find the arc length of a semi-circle of radius r. 
We know that the circumference of a circle of radius r is 2zr. 


Therefore, due to symmetry, the arc length of a semi-circle of radius r is given by 
2mr 
L Enr 


2 


Here, the reason for taking the arc length of the semi-circle to be mr that is, the 
value of 2zr divided by 2, is the symmetry of the circle. The expression zr for 
the arc length of a semi-circle of radius r can be obtained by reasoning out in the 
following manner too. 

Let us consider a circle and a semi-circle, both of radius r. 


The angle at the centre of the circle is 360°. The arc length 
corresponding to this angle is the circumference of the circle 
which is 27r. 


Now let us consider the semi-circle. 


The angle at the centre of the semi-circle is 180°, which is l of 


i ; 360°. Therefore, the arc length of the semi-circle should be 4 of 
\ / thearc length of the circle. 


N 7 
Se 


That is, the arc length of the semi-circle is x nr =r 


Writing this in more detail, 


the arc length of the semi-circle = 180 x2nr = lx 2mr 


=r 


In the same manner, since the angle at the centre is 90° for a sector which is 1 of 
the circle, 


i c pE arc length ofa sector which is 4 of the circle = 2a 


—— x 27r 
\ i 60 
\ | / 
St a = 4 x nr 
a 
2 


Reasoning out in this manner, an expression can easily be obtained for the arc 
length of a sector of a circle of radius r with angle at the centre 0°. 


~ ae 


The circumference of the circle = 2ar 
Arc length = i of the circumference. 


: -0 
«<. Arc length = 360 x 207 


Study the following table to understand further about finding the arc length of a 
sector of a circle. 


Sector ofa circle |Length of the arc | Angle atthe centre | Angle at the centre 
as a fraction of the as a fraction of the 
circumference (According total angle at the 
to the figure) centre 


Observe the 1* and 2™ columns of the table. If the length of the arc of the circle can 
be identified from the figure as a fraction of the circumference, then the length of 
the arc can easily be found. When the angle at the centre is in degrees, this fraction 
is 

angle at the centre 


360 


, as can be observed from column 4. 


Accordingly, it should be clearer to you now that the length of an arc with angle at 


o . . 0 
the centre @ and radius r is eo * 2Tr. 


Now let us consider several examples. 
In the following examples and exercises it is assumed that the value of z is 22. 
7 


Example 1 
ra $ > (i) What fraction of the circumference of the circle in 
i the figure is the arc length of the shaded sector? 
| oAs) | (ii) Find this arc length. 
A 7 
xe 5 D) -453 -1 
e ee (i) 360 8 
(ii) Arc length = 3 x 2ar N 
1 
-1 x3 x22 x % 
Ry x 
=3:93 
«<. Arc length is 5.5 cm. 
Example 2 
The arc length of the sector in the figure is 44 cm. Find the radius of 
oles the corresponding circle. (i.e., the radius of the sector) 


Let the radius be r cm. 
Arc length = 120° of 2mr 
360 


120 
44 = 
T 
1 
44 T x2x22xr 


1 360; 


„43x7 
RRQ, 
r=21 


.. The radius of the circle is 21 cm. 


Example 3 


The arc length of the sector in the figure is 11 cm. Find the angle at 


S; 
the centre of this sector. 


9 


Let 0° be the angle at the centre. 
Then, 


arc length = 0 x 2mr 
360 


0=70 


Therefore, the angle at the centre is 70°. 


1. Find the arc length of each of the sectors given below. 
< 


(i) (ii) ED (iii) 
< I > TER 
Can 
(iv) v) (vi) 
36° : 35 cm PA 


{5 ) 


Bein 


g 


(1.2 Finding the perimeter of a sector of a circle 


To obtain the perimeter of a sector of a circle, the arc length and the lengths of the 
two radii by which the sector is bounded should be added together. 


That is, 


Arc length perimeter of the sector = arc length + radius + radius 
\ = arc length + 2 x radius 


O r 


Therefore, 
the perimeter of a sector of a circle of radius r with angle at the centre 0 


. 0 
1S 360 * 2mr+ 2r 


Example 1 


The figure denotes a sector of a circle of radius 21 cm with angle at 
the centre 120°. Find its perimeter. 


de 
2) op 


Arc length = 120 x2nr 
360 


y! 
TA 22 
= X2 XEN 
360 y% Ti 
= 44 


i.e., arc length is 44 cm. 


. The perimeter of the sector = 44+2x 21 
= 86cm 


Example 2 


The perimeter of a sector which is 2 of a circle is 260 cm. Find its radius. 


3 


Let us assume that the radius is r cm. 


Arc length = 2mr x 


3 
22 2 
= —x = 
2x 7 Xr x 3 
_ 887 
21 
The perimeter of the sector = — +2r 
- 88r = 
$ cin + 2r =260 


=” 88r + 42r=260 x 21 
1307 = 260 x 21 


2 
p= 260 x21 
TS, 
=42 


*. The radius of the circle = 42 cm 


1. Find the arc length of each of the sectors given below. 


(i) (i (ii) (iii) 4 > ee 
K0) 


<—14 cm —> 


Tem 
14 cm 
2. Find the radius of the sector 
(i) when the angle at the centre is 180° and the perimeter is 180 cm. 
(11) when the angle at the centre is 120° and the perimeter is 43 cm. 
3. Find the angle at the centre of the sector, 
(1) when the perimeter is 64 cm and radius is 21 cm. 
(ii) when the perimeter is 53 cm and the radius is 21 cm. 


( .3 The perimeter of plane figures containing sectors of circles 


Let us see how the perimeter of plane figures containing sectors of circles is found 
by considering several examples. 


Example 1 
20 cm . YE z 
The figure illustrates how a semi-circle has been joined to a 
i rectangle of length 20 cm and breadth 14 cm such that the 
cm 


breadth of the rectangle is the diameter of the semi-circle. 
Find the perimeter of this figure. 


Since the arc length of a semi-circle of radius r is ix mr- 
the arc length of the semi-circle of radius 7cm -1x 2x 22 7 
7 
=22 cm 
. The perimeter of the figure = 20 +20 + 14 +22 
= 76 cm 
Example 2 
< 15 cm > 
A B C 
g 
The figure represents a square lamina of side length 
G iscem 15 cm. If the shaded sector (AGB) and the triangular 
portion (GEF) are cut out, find the perimeter of the 
8 cm portion (BCDFG) that is left over. 
E 6cm F D 


Perimeter of BCDFG is BC + CD + DF + FG + arc length GB 
First let us find the length of FG. 
Let us apply Pythagoras’ theorem to the right angled triangle GEF. 
FG? =8 +6 
=64+36 
=100 


` FG =Ẹ4100 


=10 cm 


Next let us find the arc length GB. 
Since the angle at the centre of the sector ABG is 90°, 


OB = seq — > x xX 


GB =11cm 


Finally let us find the length of BC and DF 
BC =15-7 cm 


= 8 cm 
DF =15- 6cm 
=9 cm 
Perimeter of BCDFG = BC+ CD + DF + FG + arc length GB 
=8+15+9+10+11 
= 53 cm 


The perimeter of the remaining portion of the lamina is 53 cm 


1. Find the perimeter of each of the following plane figures. O denotes the centre 
of the circle of the sector in the figure. 
(i) 18 cm (ii) 


14 cm 


2. A semi-circular portion of diameter 7 cm has been 
cut out from a semi-circular lamina of radius 7 cm 
and welded to the lamina again as shown in the 
figure. 

(i) Find the arc length of the sector of the circle of 
radius 7 cm. 
(11) Find the arc length of the sector of the circle of diameter 7 cm 
(iii) Find the perimeter of the shaded region. 


3. The figure illustrates how an equilateral triangle 
of side length 7 cm is drawn within a sector of a 
circle of radius the length of a side of the triangle. 
(i) Find the arc length of the sector of the circle. 
(ii) Find the perimeter of the shaded region. 


A | B 


4. The figure shows two sectors of circles ABED and 
CDFB. If AB = 10.5 cm, find the perimeter of the 
shaded region using the given data. 


5. The figure shows two sectors of circles of centre 
A and radius AD and AR respectively. How much 
greater is the perimeter of the sector APOR than the 
perimeter of the shaded region? 


Al asGm jp) BSS cm /? 


Miscellaneous Exercise 


1. A sector of a circle as shown in the figure, with angle 
at the centre equal to 120° has been cut out from 
a circular lamina of radius 21 cm. Show that the 
perimeter of the remaining portion of the lamina is eS 
130 cm. 


2. The figure depicts a pond having semi-circular 
boundaries. A protective fence along the boundary 
of the pond has been planned. 


(1) Find the perimeter of the pond. 


(ii) It has been estimated that the cost of constructing 
1 m of the fence is Rs. 5000. How much will it | | 
cost to complete the whole fence? SS 


3. The figure depicts a rectangular plot of land with two semi-circular flower beds 


at the two ends. The shaded region is a lawn. AG 
m 
(i) Find the perimeter of the lawn. 


It has been decided to lay tiles around the 
lawn. Each tile is of length 25 cm. 14m 


(ii) Find the minimum number of tiles 
that are required. 


4.A portion of a grill to be fixed to a window has been 
made by combining two equal sectors of circles as 
shown in the figure. The person making the grill 
states that based on the given data, a wire of length 
128 cm is required for it. Show with reasons that his 
statement is correct. 


2 em! 


Summary 


e The arc length of a sector of a circle of radius r with angle at the centre @ is given 


o 
by ——x2n 
aise 


ees 0 
e The perimeter of the sector is given by TF x 2nr+2r 


Square Root 


By studying this lesson you will be able to 

e approximate the square root of a positive number which is not a perfect square 

e use the division method to find an approximate value for the square root of a 
positive number which is not a perfect square. 


( 2.1 The square root of a positive number 


You have earlier learnt some facts about the square of a number, and the square root 


of a positive number. Let us briefly recall what you have learnt. 

The value of 3 x 3 is 9. We denote 3 x 3 in short by 3’. This is read as ‘three 
squared’. The ‘2’ in 3? denotes the fact that two threes are multiplied ‘twice’ over. 
Accordingly, three squared is 9 and this can be written as 3? = 9. 


The squares of several numbers are given in the following table. 


Number | How the square of the How the square Square of the 
number is obtained of the number is number 
denoted 

1 Ixi 1? 

2 2x2 2? 4 
3 3x3 a 9 
4 4x4 4? 16 
5 5x5 5 25 


Numbers such as 1, 4, 9, 16 are perfect squares. 
Finding the square root is the inverse of squaring. For example, since 3” = 9, we say 
that the square root of 9 is 3. It will be clear to you, according to the first and last 
columns of the above table that 

the square root of 1 is 1, 

the square root of 4 is 2, 

the square root of 9 is 3, 

the square root of 16 is 4 

and the square root of 25 is 5. 


The symbol ./ is used to denote the square root. Accordingly we can write 
V1 =1, V4 =2, V9 =3, V16 =4,/25=5 ete. 


It is clear that every number has a square. However, does every positive number 


have a square root? Let us investigate this. 

According to the above table, the square root of 4 is 2 and the square root of 9 
is 3. The square root of a number between 4 and 9 is a value between 2 and 3. 
Accordingly, it is clear that the square root of a number between 4 and 9 is not an 
integer. It is a decimal number. In this lesson we will consider how an approximate 
value is found for this. We call such a value an approximation. 


Let us for example consider how an approximate value is obtained for the square 
root of 5. 
Consider the following table. 


Number | How the square | How the square The square of the 
of the number is | of the number is number 
found written 

2 2x2 2? 4 
2.1 2:1 x241 Zl” 4.41 
22 2.2 x2.2 2.27 4.84 
2:3 2.3 x23 2:3 5.29 
2.4 2.4 x 2.4 2.4 5.76 
2:3 2.5Xx2.5 20° 6.25 
2:6 2.6 x 2.6 2.6 6.76 
2.1 27X21 2T 7.29 


From the values in the right hand side column, the two values that are closest to 5 
are 4.84 and 5.29. They are the squares of 2.2 and 2.3 respectively. According to the 
above table, the square roots of 4.84 and 5.29 are respectively 2.2 and 2.3. This can 
be written symbolically as /4.84 =2.2 and V5.29 =2.3. 

Now let us examine which value from 4.84 and 5.29 is closer to 5. 

The difference between 4.84 and 5 = 5 — 4.84 = 0.16 

The difference between 5.29 and 5 = 5.29 — 5 = 0.29 


Accordingly, the value that is closer to 5 is 4.84. Therefore, 2.2 can be taken as an 
approximate value for the square root of 5. The value that is obtained for the square 
root of a positive integer which is correct to the first decimal place is called the 


“approximation to the first decimal place” of the square root of the given number 
(or more simply the “first approximation”) 

Accordingly, the approximation of square root of 5 to the first decimal place is 2.2. 
When an approximate value is given, the symbol ~ is used. Accordingly, we can 
write V5 ~ 2.2. 


By providing reasons in a similar manner, we can conclude that the approximation 
of square root of 6 to the first decimal place is 2.4 and the approximation of square 
root of 7 to the first decimal place is 2.6 


That is, J6 224 


TOG 


By considering the following examples let us now learn a specific method of finding 
the first approximation of the square root of a positive number which is not a perfect 


square. 


Example 1 


Approximate V17 to the first decimal place. 

e From the perfect square numbers which are less than 17, the one which is closest 
to it is 16, and from the perfect square numbers which are greater than 17, the one 
which is closest to it is 25. 

Accordingly, let us write 
16<17<25 


e When we write the square root of each of these numbers we obtain. 
V16 < V17 < V25 
. 4<v17<5 


Accordingly, the square root of 17 is greater than 4 which is the square root of 16, 
and less than 5 which is the square root of 25. 


Le., J17 lies between 4 and 5. 


e To find an approximate value close to V17 , let us check whether 17 is closer to 
16 or to 25. 

The difference between 16 and 17 is 1. 

The difference between 17 and 25 is 8. 


z. 17 is closer to 16 than to 25. 
ae V17 is a value close to 4. 
i.e., one of the values 4.1, 4.2, 4.3 and 4.4 can be the first approximation of V17 


e Let us now multiply each of these numbers by itself to identify the number which 
has a product which is closest to 17. 


When the first two values are squared we obtain 


41x 4.1 = 16.81 


4.2 x 4.2 = 17.64 


Since the value of 4.2? exceeds 17, it is unnecessary to find 4.37 and 4.4’. 
16.81 is the closer value to 17 from these two. 


<. First approximation of V17 is 4.1 
Example 2 


Find the first approximation of /245 . 
Since 15? = 225 and 16? = 256, 


write 
225 <245 <256 


Accordingly, 15 </245 <16 
“. (245 is a value between 15 and 16. 


Since 245 is closer to 256 than to 225, 4245 is closer to 16 than to 15. 
. The first approximation of ¥245 can be one of 15.5, 15.6, 15.7, 15.8 and 15.9. 
Let us now determine this value. 


15.9 x 15.9 = 252.81 
15.8 x 15.8 = 249.64 
15.7 X 15.7 = 246.49 
15.6 X 15.6 = 243.36 
From the above values, 246.49 is closest to 245. 


<. First approximation of /245 is 15.7. 


Find the first approximation of each of the following numbers. 


(i)V5  (ä)v20 (iti) 67 (iv) V5, (v) V1070 


(2.2 The Division Method 


Let us now consider a method of finding the square root of any positive number. 
This method is called the division method. Let us study this method by considering 
several examples. 


Example 1 Find the square root of 1764. 


Step 1 

Separate 1764 as shown below, by grouping the digits of 1764 in pairs, starting 
from the units position and proceeding towards the left. 

17 64 


Step 2 


Find the perfect square number which is closest to the leftmost digit or pair of digits 
of the separated number, and as indicated below, write its square root above and to 
the left of the drawn lines. 
4 
417 64 


Step 3 
Write down the product 4 x 4 of the number above and to the left of the lines, below 
the number 17 as indicated, and subtract it from 17. 


4 
4117 64 


16 
l 


Step 4 
Now carry down the next two digits 64, as indicated below. 
4 
4|17 64 


16 
164 


Step 5 
Next, write on the left as shown below, the digit 8, which is two times the number 
above the line, leaving space for another number to be written. (1.e., leave space for 


the digit in the units position) 
4 
4117 64 


16 
4x2=8>8 [| 164 


Step 6 
The same digit should be written above the line to the right of 4 and in the space left 
in the units position on the left. This digit should be selected so that the product of 
this digit and the number obtained on the left when this digit is written in the units 
position (in this case 82), is equal to 164, or is the closest number less than 164 that 
can be obtained in this manner. 
4 
4|17 64 
l6 
8 2| 164 
164 
0 


Then 41764 = 42 


When finding the square root of a decimal number, separate the digits in pairs on 
both sides of the decimal point, starting at the decimal point as shown below. 


3.61 — > 3. 61 
12.321 ——> 12.32 10 
143.456 —> 1 43. 45 60 


Example 2 


Find the value of 43.61 . 


1x2=2|—>2 [9||2 61 


Example 3 
Find the value of ¥2737 accurate to two decimal places. 


We must find the value to three decimal places and round off to two decimal places. 
To find to three decimal places we must write three pairs of zeros after the decimal 
point. 


5 |2})3]|1]/6 
5 |27 37. 00 00 00 
25 
5x2=10 |102| 237 
2 04 
52 x 2 = 104» 104/3 33 00 
31 29 
523 x 2 = 1046| > 1046 {] 17100 
104 61 
5231 x 2 = 1046I>10462/6 66 39 00 
62 77 56 
3 61 44 


“.V2737 = 52.32 


Example 4 Find the value of 3.421 accurate to two decimal places. 


As above let us find the value to three decimal places and round off to two decimal 
places. For this there must be three pairs of decimal places after the decimal point. 


1. BI 4 
13. 42 10 00 
1 
2B 
364| 1810 
14 56 
3689]| 3 54 00 
3 32 01 
21 99 
~- 3.421 = 1.85 


1. Find the square root of each of the following numbers. 
(i) 676 (ii) 1024 (iii) 2209 (iv) 2809 = (v) 3721 


2 (ay the value accurate to one decimal place. 
a 


© Jg GD J9 GD /26 


(iv) /263 (v) 42745 (vi) 43630 
(b) 
G) J54 (ii) 3.45 (iii) ¥15.3 Gv) 2432 


(v) V4061.3 (vi) V 85.124 (vii) J0.0064 (iv) 0.000144 


¢ 2.3 Using the square roots of numbers to solve problems 


Example 1 
Find the length of a side of a square of area 441 cm’. 
Area of the square = (side length) 2 1 
-. Length of a side of the square = V area of the square 2 41 
Area of the square = 441 cm’ 410 4] 
.. Length of a side of the square = /44] cm 41 
=2] cm 00 
Example 2 


324 square shaped garden tiles of area 900 cm? each have been placed in a square 
shaped courtyard so that the courtyard is completely covered with the tiles. Find the 
length of a side of the courtyard. 
The number of garden tiles in one row = 4324 
=18 
The length of a garden tile = 900 cm 
=30cm 


The length of a side of the courtyard =18 x 30cm 
= 540 cm 


=5.4m 


( Exercise 2.3 ) 


1. What is the length of a side of a square shaped piece of cardboard of area 
1225 ema? 


2. What is the length of a side of a square of area the same as that of a rectangle of 
length 27 cm and breadth 12 cm? 


3. 196 children participating in a drill display have been placed such that they form 
an equal number of rows and columns. How many children are there in a row? 


4. The surface area of a cube is 1350 cm’. Find the length of a side of the cube. 


5. A rectangular walkway has been made by placing 10 flat square shaped 
concrete slabs along 200 rows. If the area of the flat surface of a concrete slab is 
231.04 cm’, what is the length and the breadth of the walkway? 


( Miscellaneous Exercise } 


1. Find the value accurate to the second decimal place. 


(i) 3669 (ii) ¥4302 (iii) ¥22.79 (iv) /0.1296 (VY) V5.344 


2. The length and breadth of a rectangular shaped plot of land are respectively 
25 mand 12 m. Find to the nearest metre, the least distance that a child standing 
at one corner of the plot should travel to reach the diagonally opposite corner 
of the plot. 


3. If the length of the hypotenuse of an isosceles right angled triangle is 12 cm, 
find the length of a remaining side. (Give the answer to two decimal places). 


4.9, 16, 25, ... is a number pattern. Which term of the pattern is the number 729? 


Fractions 


By studying this lesson you will be able to 
e identify situations in which fractions are applied 
e solve problems involving fractions. 


(Fractions 


The figure depicts a slab of a certain type of chocolate. 
It has been divided into ten equal sized pieces such 
that the pieces can easily be broken off. 


When the whole slab of chocolate is considered as one unit, 


e one piece of chocolate that is broken off is considered as T of the slab, 


e two pieces of chocolate that are broken off is considered as 4 of the slab, 


e three pieces of chocolate that are broken off is considered as 5 of the slab. 

$ : 2 , — etc., which are used to represent portions ofa whole unit, are examples 
of fractions. 

Now let us consider another example. 


The above figure depicts how pieces of cheese have been arranged in a container. 
There are 8 equal pieces. One of the pieces has been removed from the container. 


This piece is gof the amount of cheese in the container. If the total mass of all the 
pieces of cheese in the container is 160 g, then the piece that was removed which is 


tof the total quantity of cheese in the container, is of mass 20 g. 


The unit that has been considered here is the total mass of the cheese in the container 
which is 160 g. 


When talking about fractions, it is important to be aware of the unit from which the 


factions are obtained. 


cc 


For example, in the statement 


fraction $ is applied by taking “the total number of students in the class” as the 


3 of all the students in the class are girls”, the 


unit. 
In the following table, the units relevant to several statements involving fractions 


are given. 


Total Unit 


The volume of the 
atmosphere 


(b) } of the 50 litres of water has been used up. 50 litres of water 


(c) 2 of a 200 m? plot of land has been used to | 200 m° plot of land 
cultivate vegetables. 


(d) 4 of the harvest was kept for consumption. The total harvest 


(e) 3 ofa piece of wire of length 5 m was cut. The piece of wire of 
4 length 5m 


(f) l of the fruits in a collection of 25 oranges were | 25 oranges 


ripe. 


(g) A father wrote half us of his land in his son’s name. | Area of the whole land 


The circular shape illustrated in the following figure has been divided into 6 equal 
parts. We know that the fraction that has been shaded is - of the shape. 


The denominator of = is 6 and the numerator is 2. The total number of parts into 
which the unit has been divided is the denominator, and the number of parts being 


considered is the numerator. Here, the numerator is smaller than the denominator. 


Such fractions are called proper fractions. Fractions such asd, 111 with 


2757 
numerator equal to 1 are called unit fractions. 


In the following figures, quantities equal to + 5 and 4 of the same unit have been 
shaded. Here the area of the rectangle has been taken as the unit. 


It is clear from the above figures that 


Further, considering fractions such as , where the numerators are equal 


and the denominators are not, as the denominator increases, the value represented 
2.2. 2 
5 


by the fraction decreases. That is, ae ri > > 


The following figure illustrates the three fractions 4,2 and ž obtained from the 
same unit. 


According to the figure, the quantities represented by the three fractions are equal. 


That is, 1-2-3, 
aog =g ae 


Such fractions which are equal to each other are called equivalent fractions. 
Observe that fractions which are equivalent to a given fraction are obtained when 


both the numerator and the denominator are multiplied by the same number. 
For example, 
1_1x2_2 LTx 235 t- 1x55 
2 2x2 4? 2 2x3 6 2 2x5 10 
Equivalent fractions are also obtained when the numerator and the denominator of 
the given fraction are divided by the same number. 
For example, 
5 5+5_1 3 oS 
10 10+5 2’ 6 6+3 


l 8 _8+8_1 
2 16 16+8 2 


Now let us consider the two fractions < and 3 obtained from the same unit, which 


are unequal to each other. 


First let us write down several fractions which are equivalent to each of the fractions 


4 
2_4_6_/8\_10_12_14_/16\_ 18 _ 
3 6 9 15 18 21 2 0° 
3_6_ -12_15_ -2l 
4 8 16 20 23 °° 
3 


It can be observed that among the fractions which are eva to 2 and 4: 


there are some which have the same denominator. Š and 3 are two such fractions. 


16 18 
and +8 
74 zg are two more such fractions. 


For convenience, let us select — and 3 which have the smallest common 
denominator. 


Comparing a and — we obtain — > $. 
However, since Z= s an nd 3 = a we can conclude that 3> = 
3 


Let us explain the comparison of 7 and Z 
using figures. 


done above with equivalent fractions, 


st | | 
3 
- aaa | It is clear from the figure too that 3 > 7 


Accordingly, it is clear that it is suitable to write equivalent fractions having a 
common denominator when comparing fractions. 

Now let us consider the addition and subtraction of fractions. 

You have learnt in earlier grades to add fractions with equal denominators, as for 


example 
oo 3 na 
10 10 10 


Similarly, you know that fractions with equal denominators can be subtracted as 


for example, 
6 2_4 


7 1 7 
When adding and subtracting fractions of unequal denominators, the relevant 
fractions can first be converted into equivalent fractions of equal denominators. 
For example, 
2 1 IA 1x3 3 1 ES 3x3 S 
ada es 5 3 5x3 3x5 


3 
go T AO ete 
=p mo B 15 
all -4 
12 15 


Fractions can also be used to represent quantities which are greater than a unit. 
For example, let us see what quantity 3 of a loaf of bread is. This is the amount 


that is obtained when a loaf of bread is divided into two equal parts and three such 


parts are considered. This quantity is one and a half loaves of bread. That is, 5 


loaves of bread, which in short, is a quantity of 5 . 


As another example, let us illustrate 23 of a circle by a figure. 


If these three figures are considered together as one unit instead of separately, then 


: 11 ; 
the shaded region represents 77 of the unit. However, if any one of these circles 


is taken as the unit, then the shaded region represents — of the unit. It is clear 


therefore that the mixed number 23 can also be written as the fraction ve 


. . ; 3 are 
Another way in which the equality 27 = H ean be obtained is given below. 


ESEE 
4 4 


Accordingly, it is clear that 23 = a When this amount is denoted by 27> it is 
called a mixed number. When it is written as a it is called an improper fraction. 
You have learnt in previous grades how a mixed number is converted into an 
improper fraction and how an improper fraction is converted into a mixed number. 


Now let us recall what has been learnt about multiplying fractions. To do this, let us 


draw figures in the following manner to find out how much 4 of 3 is. 


3 3 
4 8 
a @{!(€U"IT~ 
1 
> of 3 
According to the figure, it is clear that 4 of 3 is equal to é 


The above answer can be obtained by simplifying this in the following manner too. 


x 
AJ|u 


1 3 
a a 


lolo pol 


It is clear that ‘of’ in 4 of 7 denotes the mathematical operation multiplication 


and that the numerator can be taken as 1 x 3 and the denominator as 2 x 4. 


Now let us consider the situation of dividing fractions. 


Let us find how many l there are in L, This is denoted by 3 + z It is clear from 


the following figure that this value is 2. 
1 


3 


P 


l 1 
6 6 


As another example, let us obtain half of 3. 


2 
10 
— M 
3 


5 


According to the figure, half of 2 is equal to 3 


10° 

However, since half of any quantity, is the amount that is obtained when the quantity 
is divided by 2, 

Ds, 3 

a: a 10 
It is not convenient to draw figures every time we divide fractions. We need to 
identify a different method to do this. The above division of fractions which was 
done using figures, can also be presented in the following manner. 


ee 
572 


Nl lb 


MIB alu 


(Since 2 = =) 


x 


(Multiplying by 4 which is the same as dividing by 2) 


Sle 


That is, the same answer that was obtained with the figures is obtained using this 
method too. 


Let us see whether this method works for fed 


Lela ve 
3°6 3 I 
2 


That is, the same answer that was obtained with the figures is obtained here. 


When the numerator and the denominator of the fraction are interchanged we 


obtain $, We say that the reciprocal of 1 is ° ; that is 6. 


The reciprocal of a general term > is ts 
In general, when a fraction needs to be divided by another fraction, the first fraction 
can be multiplied by the reciprocal of the second fraction. 


Let us recall all the facts that have been learnt so far regarding fractions by working 
out the following example. 


2 ila 2) & | of 72 
K es) : [ $03) 
The order in which the mathematical operations are 
8 3,5). 4 5 manipulated when simplifying fractions, is as follows: 
= T 6 | ae 


3 
B — Brackets 
16-9+5). 4 O-Of 
6 ~ D — Division 


M — Multiplication 
-12,4 A — Addition 
3 S — Subtraction 


ler 


Do the following exercise to further recall the facts that have been learnt about 
fractions. 


Review Exercise 


1. Complete the second table using the fractions in the first table. 


Unit Fractions 
Proper Fractions 
Improper Fractions 


Mixed 
number 


3. Fill in the blanks. 


T P 2 EF 2 a 
a. = = b. = C. = d. — = 
4 4x3 12 3 12 7 14 16 
Ql a ee eg Ne ee 
2 a S OAS Aes 30. 100 


4. Write the fractions in each of the following parts in ascending order. 


5, it 3 of a tank which was completely filled with water was used by a household 


for its needs on a certain day, what fraction of the tank still held water by the end 


of the day? 


6. If the two pieces of wire A and B are of unequal length, is 4 


of the length of A 


equal to l ofthe length of B, or are they unequal? Give reasons for your answer. 


3 


7. If the two shaded regions of the circular lamina that has been 
divided into eight equal parts as shown in the figure, are cut 
out and discarded, 

(i) what fraction of the total lamina is remaining? 
(11) what fraction of the total lamina is exactly half the remaining 
portion equal to? 


8. Simplify: 
(ee eee eee iii) j2421_12 
(i) Sass O Gii) al 
E E T a e el 22! 
3% 543 | Aa ea SO a a 
ii) 4 of 22-11 (vii 22+11x4 
(vii) 3 of Dee (viii) eee 


9. Mother, who went to the market with Rs 500 in hand, spent Rs 300 to buy 
vegetables and Rs 150 to buy fruits. 
(i) What fraction of the money in hand did she spend on vegetables? 
(ii) What fraction of the money in hand did she spend on fruits? 
(iii) If she had planned to save 1 of the money she had taken to the market, was 


she able to fulfill her plan? Give reasons for your answer. 


10. Sathis, who left home on a journey, travelled - of the journey by bicycle, 5 


by bus and the remaining portion by a three wheeler. 
(i) What fraction of the total journey did he travel by both bicycle and bus? 
(ii) What fraction of the whole journey remained for him to travel by three 


wheeler? 


(3.1 Applications of fractions 


Fractions are used in many calculations that come up in day to day life. These 
calculations can easily be carried out with a correct understanding of fractions. 
Given below are several examples of such situations. 

Example 1 


4 of a mixture of flour prepared to make a certain type of food consists of kurakkan 


flour, while the remaining portion consists of wheat flour. A cook wishes to prepare 
50 kg of this mixture to make the food item, to cater to an order. Find the amount 
of kurakkan flour and wheat flour required for this mixture. 


. . . 2 
Fraction of kurakkan flour in the mixture = . 
2 
5 


The quantity of kurakkan flour in the mixture = 2 of 50 kg 


5 
=50 kg x 2 
Quantity of kurakkan flour in the mixture = 20 kg 
The quantity of wheat flour in the mixture =50 — 20 kg 
= 30 kg 


Example 2 


It takes 12 minutes to fill r ofa certain tank using a pipe through which water flows 
at a uniform rate. Find the time it takes to fill the whole tank with water using this 


pipe. 


Time taken to fill } of the tank 12 minutes 


12 x 4 minutes 


<- Time taken to fill 4 of the tank (that is, the whole tank) 


48 minutes 
Example 3 


Selva can travel = of the distance from his home to the school by bus. This distance 


is 12 km. Find the distance from his home to the school. 


= of the distance from Selva’s home to the school = 12 km 


1 
5 of thedistance from Selva’s home to the school =12 km + 3 


=4km 
-. Total distance to the school (that is, 2 of the distance to the school) =4km x 5 


Example 4 


A tank was filled with water up to a 4 of its capacity. After consuming 350 / of this 


amount, the quantity of water remaining filled L of the tank. 
(i) What fraction of the whole tank was used? 
(ii) Find the capacity of the tank. 


(1) The quantity of water used as a fraction a4 
of the whole tank \ -S 3 
12-5 
15 
=L 
15 


= ofthe tank 
Gü J ofthe whole tank =350/ 


g <— 1 of the tan 
— of the whole tank -H WY) 3 f the tank 


0 
<“. Capacity of the tank = Sas 


= 7501 


Do the following exercise on problems involving fractions. 


1. Calculate the following quantities. 


(i) 4 of Rs 5 000 (iii) $ of 200m (v) 2 of 241 
(ii) 4 of 2000 mi (iv) 2 of 250 kg (vi) Ž of 4.8 km 


2. Mr. Upul received Rs 24 000 as his salary last month. He spent Sof it for travel 
expenses. Find the amount he spent for travel expenses. 
3. A household water tank was filled with water. When % of its volume was used 


up, there was 200 / of water remaining in the tank. 
(i) What fraction of the whole tank was the remaining volume of water equal to? 
(ii) Find the capacity of the tank. 


4. 3 of a plot of land belonged to Pradeep. He bought 4 of the portion of land 
which did not belong to him, and annexed it to his plot. 
(i) What fraction of the total plot of land did Pradeep buy? 
(11) Show that Pradeep now owns more than half the plot of land. 
(iii) If the area of the portion remaining after Pradeep had bought a part of it is 
240 m°, what is the area of the land owned by Pradeep in square metres? 
5. Vishwa, who is saving money to buy a bicycle, has been able to save 2of the 
required amount. He requires Rs 2 700 more to buy the bicycle. 
(i) What fraction of the value of the bicycle does he now need to save? 
(11) Find the value of the bicycle. 


6. Mohamed wrote exactly half of his land in his daughter's name and tof his land 
in his son’s name. He donated the remaining 10 acres to a charity. 
(i) What fraction of the total plot of land did Mohamed donate to charity? 
(ii) How many acres is the whole plot of land? 
(iii) Since the land that was donated to charity was not sufficient, his daughter was 
willing to give a portion of what she received, so that the land that the charity 


received would be double the initial amount. Show that when this is done, the 


plots that the daughter and the son have are equal in area. 


7. Black pepper and cloves have been cultivated in Tof a plot of land. Black 


pepper has been cultivated in 450 m? while cloves have been cultivated in I of 
the land. Find, 
(i) the fraction of land on which black pepper has been cultivated. 
(ii) the area of the whole land. 
(iii) the area in which cloves have been cultivated. 


8. A piece of wire was cut into three equal parts. One of the three parts was cut again 
into four equal pieces. 
(i) What fraction of the length of the whole piece of wire is the length of one 
small piece? 
(ii) Illustrate the above division of the wire by a figure and compare the answer 
you obtain with the answer in (i) above. 
(iii) If a small piece of wire is 70 cm in length, find the length of the whole wire. 


Œ Further applications of fractions 


After a portion of a unit has been separated, dividing the remaining portion 
repeatedly occurs in certain instances as applications of fractions. Such an instance 
is given in the following example. 


Example 1 


From the money that Raj received from his father, he spent - on books and L 


of the remaining amount on travel expenses. After that he had a balance of Rs 500. 
(i) What fraction of the amount Raj received from his father was remaining after 
buying the books? 
(ii) What fraction of the amount the father gave did he spend on travelling? 


(iii) Find the amount he obtained from his father. 


Wl ry 


(i) The fraction that was spent to buy books 


Fraction that remained after buying the books —1_2 
3 


Iw = 


(ii) Fraction spent on travelling = 1 of the remaining portion 


= 1 of 4 
alal 
4 
=A 
12 
(iii) Fraction spent on buying books and on travelling 2 + 1 
3 12 
-8+1 
12 
ae 
12 
= 
4 
3 


Fraction remaining after both the above expenses were met = |] — a 


Ble 


It is given that the balance is Rs 500. 


} of what the father gave = Rs 500 


<- Amount the father gave = Rs 500 x 4= Rs 2 000 


1. Mr. Austin who works in an office in the city, spends 2 of his salary on food and 
sends 3 of the remaining amount to his wife. 
(i) What fraction of his salary remains after he has spent for his food? 
(ii) What fraction of his salary does he send his wife? 


(iii) What fraction of his salary is left over after these expenses are met? 


2. From a certain amount of money, 4 was given to A, 4 of the remaining amount 
was given to B, and the rest was given to C. 

(i) Find the fraction that C received from the amount that was distributed. 

(ii) If instead of dividing the amount in the above manner, it was divided equally 
between the three, show that the amount that B would receive is twice the amount 
that he received initially. 

(iii) If C received Rs 1000 through the initial distribution, find the total amount that 
was distributed among the three. 


3. It has been decided to allocate $ of the floor area of a certain hall for classrooms, 
of the remaining portion for an office, and the rest of the floor area, which is 
200 m? for the library. 

(i) What fraction of the whole area has been allocated for the office? 
(ii) What fraction of the whole area has been allocated for the library? 
(iii) Find the floor area of the hall. 


(iv) Find separately the floor area that is allocated for the classrooms and the office. 


3 
remaining amount on travelling. If Rs 800 was spent on other expenses, find how 


4.Of the amount that Anil spent on a trip, 4 was spent on food and 2 of the 


much Anil spent in total on the trip. 


5. Saroja read Lof a book she borrowed from the library on the first day. On the 


second day she was only able to read sof the remaining portion. On the third 
day, she finished the book by reading the remaining 75 pages. How many pages 
were there in total in the book? 


Miscellaneous Exercise 


1. Find the fraction suitable for the blank space: 34+ aix ames = 4} 


21412 
ee 2 3 
2. Simplify: 4 of 
ose 
Er? 


3. A, B and C are the three owners of a business. The profit from the business was 
divided between the three of them based on the amount they each invested. A 
received Z of the profit, B received twice the amount A received, and C received 
the remaining portion. If the total amount that A and B received together is 


Rs 72 000, find the profit from the business. 


4. An election was held between two persons to select a representative to a certain 
institution. All the voters who were registered cast their votes. The winner 


received Zot the votes and won by a majority of 120 votes. 


(i) What fraction of the total votes did the person who lost receive? 


(ii) How many registered voters were there? 
(iii) Find the number of votes the winner received. 


Binomial Expressions 


By studying this lesson you will be able to 


e multiply two binomial expressions 
e expand the square of a binomial expression 


Do the following exercise to recall the facts you have learnt earlier about simplifying 
algebraic expressions. 


Review Exercise 


1. Simplify the following algebraic expressions. 


a.2 x 3a b. 4x (2x) c. (=3)x 2x 

d. 2x x 3y e. 3a x (— 5b) f. (—2m) x 4n 

g. (— 4p) x (—2q) Ne 3x x x i. (—Sa) x 3a 
2. Expand the following algebraic expressions. 

a. 2 + Í) b. 3(6+3) c. 4(y—2) 

d. —3 (a+ 2) e —2 (x-2) fi x(x 3) 

2p ll) h. —2x (4x + 1) i. —3b (a—b) 

j- 2 (a-b-3c) 


3. Expand and simplify the following algebraic expressions. 


(a) i) Gs 2) 242) Gn) G7 3) 3 2) 
(iii) x(x +1)—3(e-1) (iv) m(m-3n)-n(m-— 3n) 


(b) (i) (« +5) («+ 8) (ii) (7 +a) (3 +a) (iii) œ- 5) @ +8) 
(iv) (x +5) (~—8) (v) (2 +m) B-m) (vi) («—5) @—8) 


(4.1 Product of two binomial expressions 


What you simplified in 3(b) above is the product of two binomial expressions of 
the form x + a. In this lesson, we will learn about expanding the product of two 
binomial expressions of the form ax + by. Here, ax and by are the two terms of the 
binomial expression ax + by. 


Example 1 Expand and simplify (3x + 2)(2x + 3). 


Ee ak — 
+ + see DN ear 3} 
(3x gies) or ( es) 
= 3x(2x +3)+ 20x 3) =(e 7 2) 2 Gt) 
= 6x? +9x+4x+6 =6x* +4x+9x+6 
= 6x’ +13x +6 = 6x* +13x+6 


The result that was obtained above can also be illustrated using the areas of 
rectangles. (All the measurements below are assumed to have been given in the 


same units). 
A 2 —sB 


3x 
AN 


2x 


KN 
3 
Vv 
C 


For the E ABCD, 
length of AB = 3x +2 
length of AD =2x +3 
Area = (3x + 2) (2x + 3) 
According to the figure, 
Area of the rectangle ABCD = The sum ofthe areas of the four smaller rectangles 
= 6x? + 9x + 4x + 6 
= 6x? + 13x + 6 
It is clear according to (1) and (2) that, 
(3x + 2) (2x + 3)=6¢ + 13x+6 


Now study how the binomial expressions of different types given in the following 
examples have been expanded and simplified. 


© 


© 


Example 2 Example 3 Example 4 
(3x — 2) (2x+5) (2x +y) (x + 3y) Gri 2) Gx=2)) 
(3x —2)(2x+5) (2x +y) (x + 3y) (3x+2y)(3x-2y) 
= 3x(2x+5)—2(2x+5) = 2x (x + 3y) +y (x + 3y) = 3x(3x—2y)+2y(3x—-2y) 
= 6x? +15x-4x-10 Sees 
= OX" + LIX — 4X — = 2x2 + Try + 3y? = 9x’ —6xy + 6xy — 4y’ 
= 6x" +11x-10 — = 9x? —4y? 


Example 5 Example 6 


(Sa —2b) (2a—3b) (a+b)(ga—4b) 


(5a — 2b) (2a — 3b) (a+b)(4a-4b) 
= 5a(2a — 3b) — 2b(2a — 3b) 


= a(ha—4b)+b(4a-4b) 
= 10a? —15ab —4ab + 6b’ 
=10a* —19ab+ 6b’ 


1. Expand and simplify the following binomial expressions. 

ae (Ks 2x 2) b. (x -—3) (-3) C(x ¥ 3) 2) 

d. (2p — 5) (p— 3) e. (3x— 1) Gx 1) f. (—3x + 2) (2x — 3y) 

2 Camb) Ga 2b) h. (3x — 5y) (4x + 3y) i. (-3p + 4q) (3p — 2q) 
je Tk- 50) (3k +4) k. (4m-— 3n) (4m -— 3n) l. (Sx — 2y) (5x — 2y) 
n 


m. (bx+y ext3») -[4o+4a)(3 0-30] 0. x+ 4y) (Sa +30) 


2. If the length of a rectangular shaped field is (2a + 7) m and the breadth is 
(2a — 3) m, determine the area of the field in terms of a. 


3. Piyumi made a square - shaped flower bed. Her sister made a rectangular flower 
bed. The length of the sister's bed was 3 metres more than of Piyumi's and the 
width was 2 metres less than of Piyumi's. Taking the length of one side of 
Piyumi's bed as x, write the length and width of the sister's bed in terms of x and 
then express its area in the form Ax? + Bx + C. 


4. Achild bought a mandarins which were priced at x rupees each. He then decides 
to buy three times that number of apples. The price of an apple is twice the price 
of a mandarin. 

(i) Write an expression in terms of a and x for the cost of the apples. 


The fruit seller states that if the number of apples that are bought is increased 
by 5 fruits, he can reduce the price of each apple that is bought by 3 rupees. 
Accordingly, the child decides to buy 5 more apples. 


(ii) If he does this, write down the number of apples he buys in terms of a. 


(iii) Write down the price of an apple in terms of x. 
(iv) Write down the cost of the apples in terms of a and x. 
(v) Expand and simplify the binomial expression in (iv) above. 


( 4.2 Squares of binomial expressions 


Let us turn our attention again to the following expressions which you expanded in 
the above exercise. 
Do you notice that the two binomial expressions to be multiplied are equal? 

(x + 2) (x +2), œ- 3) (x — 3), (Sx — 2y) (Sx — 2y) 


In the same manner that we write x x x = x°, we can write (x + 2)(x + 2) =(x+ 2)’. 


Similarly, 
(x-—3)(-3) =(~-3) 
(Sx — 2y) (Sx — 2y) = (Sx — 2y} 


Each of these expressions written in the form (x + 2), (x — 3} and (5x — 2y) is 
called the square of the respective binomial expression. 


The same method that was used above to simplify the product of two binomial 
expressions can be used to expand such squares of binomial expressions too. 


Example 1 
Write (x + 2} as a product of two binomial expressions and expand it. 
(x+2) =(x+2)(x+2) 
=x(x+2)+2(x+2) 
=x°+2x+2x+4 
=x +4x+4 


Simplifying the square of a binomial expression can be done using another method 
too. 


Now let us consider how the squares of binomial expressions of the form (a + b) 
and (a — b) are expanded. 
(a+b) =(a+b) (a+b) 


=a’ +ab+ba+b’ 


=a’ +ab+ab+bh° 
=a’+2ab+b’ 


It is important to remember this as a formula. 


(a+ b} =a’ +2ab+ b? 


Square of the first’ term Square of the second term 
Two times the product of the first 
and second terms 


Now let us consider the expansion of (a — bY 


(a—b)y =(a—b)(a—b) 
= q’—ab—ba+b’ 
=a’ —ab—ab+b’ 


=q’—2ab+b’ 


That is, (a —b)?=a?-2ab+ b? 


Note : The expansion of (a — bP can also be obtained by substituting — b for b in 
the expansion of (a + b} 
i.e., (a+(— b) er +2@) Eb) +(e by =a = R2ab + b? 
Also, 
(-a+b) =(-a)’ +2(-a)b+b? = a* —2ab+b° 
(-a—b)° =(-a)’ + 2(-a)(—b) + (b? = a° + 2ab+b° 


You may have observed that the expansions of (a + b) and (—a — b} are equal to 
each other and that the expansions of (a — b} and (—a + bP too are equal to each 
other. 


Now study how the following squares of binomial expressions have been expanded. 


Example 2 Example 3 
(x+3) =x? +2xXxx343? (x-2 =y?-2xyx2+ 2? 
=x°+6x+9 =y —4y+4 
Example 4 Example 5 
(3x+5y)? = (3x)? +2x3xx5y+(5y)? (3a-2b)’= (Ba) — 2x 3a x (2b) + (2b) 
= 9x" +30xy+25y" = 9a’ —12ab + 4b° 


Example 6 Example 7 


(-y+5) =(-y)’ -2x(y) «5457 (-2x —3y) = (2x)? +2(2x)By)+ By)’ 
= y’-10y+25 = 4x7? +12xy +9y’ 


Let us consider how this method is used to find numerical values. 


Example 8 Example 9 
Find the value of 105°. Find the value of 99° 
105? = (100 + 5)’ 99° = (100 — 1) 
=100° +2 x100 x 5+5 = 100? —2 x100 x1 +1’ 
= 10000 + 1000 + 25 = 10000 — 200 + 1 
= 11025 = 9801 
Example 10 
Verify (x +y} =x°+ 2xy + y? for the values x = 5 and y =2. 
Lh.s Ort y)? rh.s. x 42xyty? 
=(5+2) a5 42%5424-2° 
-7 =25+20+4 
=49 =a 
<“ Lhs = rhs. 


1. For each expression in column A which is a square of a binomial expression, 
select and join the corresponding expansion from Column B. 


Column A Column B 

a. (x55)? Ax? + Axy + y? 
DES Ay? t Axy + x? 
Cao Se w= 10x 25 

d. (2x + y? Ax?— Axy + y? 

€, (25 5) x?— Axy + 4y? 
i.@—2y)7 4x?— 12xy + 9y? 
SAEN) Aye D 25 
ho (2x 3y)7 Ane lia 92 
bOr =I er O25 
DESEN A= 20x 2S 


2. Expand each of the following squares of binomial expressions. 


a(x 2) bolas 3)? c. (p —3/ d. Y- 17? 

e. On o CE2). g. Bx- 17 h. (4m — 5)? 

i. 3p + 4q)" j. (Sm — 3n/y k. -2y + 5% l. Ga—5b/) 
m. (—3m + n}? n. (—5m — 6n? 


3. Write down the term suitable for the blank space in each of the following 


expressions. 

a. (x+3P =x? +6xt DEG 2) see 

c. (m—5) =m?-10m+ ___ d.(¢@+ =a +8a7 16 
€. (+b) = 25+ 0b a f. (__ -7P =x- 14x +49 
g (3+ P=_-ő6xtr h. (__ — x)? =+16-8x+ x? 


4. Write each of the following as a square of a binomial expression and find the 
value. 


(i) 212 (ii) 102? (iii) 17° (iv) 98? (v) 9.92 


5. If the length of a side of a square shaped room is given as (2a + 3b) meters, 
write down an expression for the area of the room in terms of a and b and 
expand it. 


6. Verify the following for the values a = 2 and b=3. 
(1) Ca + by? =a’—2ab + b? 
(ii) (-a—b)y =a’?+ 2ab + b? 


Miscellaneous Exercise 


1. Verify that (2x + 3y) (x + y) = 2x’ + 5xy + 3y? for each of the following cases. 
(i)x=3,y=2 (ii) x=5, y=0 
(i) x=l1,y=1 (iv) x =-l,y=-2 


2. Write each of the following squares of binomial expressions with fractional 
coefficients as a product of two binomial expressions and simplify it. 


l a 
(i) Gary (ii) Cab) Gii) ao 

3. Fill in the blanks 
(i) (x+— =x +6x+— (ii) (y+ =y +8y+— 
(iii) (_+5) =x°+ +425 (iv) (_+y) =x} +_+y’ 


4. For each of the following expressions, determine the term that should be added 
so that it can be written as a square of a binomial expression, add the relevant 
term to the given expression and then write it as a square of a binomial 
expression. 

(ix? + Ox (ii) y + 8y (iii) m + 10m 
(iv) a*—4a (v) x? + 4xy (vi) p — 12pq 

5. Find the value of x?+ y? when x+y = 5 and xy = 6. 

6. Find the value of a° + b? when a — b =3 and ab = 28. 

7. Find the value of x + y when x? + y’ = 25 and xy = 12. 

8. If (x +k)? =x + 6x + q, find the values of k and q. 


; 1 
9. Find the value of 7? + = when t+-=2. 
if t 


Congruence of Triangles 


By studying this lesson you will be able to 
* recognize the congruence of two plane figures 
e identify the necessary conditions for two triangles to be congruent 
e prove riders by using the congruence of triangles 


(Congruence of two plane figures 


< > 


If we examine the above figures we see that they are all closed plane figures 
consisting of straight line segments. Such figures are called rectilinear plane figures. 
The sides and the angles are called the elements (parts) of these figures. 


The pairs of rectilinear plane figures presented below in figures (i) to (iv), which 
are identical in shape and size can be placed on each other such that they coincide. 


© 
FISS 


G) Gi) Gii) Gv) 


A pair of plane figures which may be made to coincide is called a pair of congruent 
plane figures. In this section we concentrate on the congruence of pairs of triangles. 


( 5.1 Congruence of two triangles 


A triangle has six elements. They are the three sides and the three angles of the 
triangle. 


Let us assume that the two triangles ABC and POR given below are congruent. 
Let us also assume that, when the two triangles are placed one on top of the other 


such that they coincide, then AB coincides with PQ, AC coincides with PR and BC 
coincides with OR. Then we say that, in the two triangles, the side corresponding 
to AB is PQ, the side corresponding to AC is PR and the side corresponding to BC 
is OR. Similarly, we say that the angle corresponding to BAC is OPR, the angle 
corresponding to 4BC is POR and the angle corresponding to ACB is PRO. 


P. Q 
wa i 
G B 
Accordingly, in congruent triangles, the corresponding elements are equal to each 


other. 


ee ss 


We indicate the fact that two triangles are congruent by using the symbol “=”. For 
example, if the two triangles ABC and POR are congruent, we indicate this fact by 
writing AABC =A POR 


It is not necessary to show that the six elements of one triangle are equal to the six 
elements of the other triangle as indicated above to show that a pair of triangles is 
congruent. It is sufficient to show that three of the elements are equal. However, 
this does not mean that if any three elements of one triangle are equal to three 
elements of another triangle, then the two triangles are congruent. In certain cases, 
when three elements of one triangle are equal to three elements of another triangle, 
then the remaining elements too are equal and the triangles are congruent. There are 
four such cases. Let us now consider these four cases. 


(a) First Case 
The case in which two sides and the included angle of one triangle are equal to two 


sides and the included angle of another triangle 


Activity 


Three triangles with two sides of length 2.5 cm and 3.5 cm and an angle of magnitude 
30° are given below. 


e Copy the triangle ABC onto a tissue paper and cut it out. 

e Examine whether the cut out triangle can be made to coincide with the triangles 
POR and LMN. 

e Accordingly, select the triangle which is congruent to the triangle ABC. 


It must be clear to you through the above activity, that only the triangle POR is 
congruent to the triangle ABC. Both the triangles POR and LMN have three elements 
which are equal to the given three elements of the triangle ABC. However, the 
triangle ABC is only congruent to the triangle POR. It should be clear to you from 
this that, just because two triangles have three elements which are equal to each 
other, it does not mean that the triangles are congruent. 


Let us consider another method by which we can identify that the triangle ABC is 
congruent to the triangle POR but not to the triangle LMN. The 30° angle of the 
triangle ABC is the included angle of the sides of length 2.5 cm and 3.5 cm. It is the 
same for the triangle POR. However the 30° angle is not the included angle of the 
sides of length 2.5 cm and 3.5 cm of the triangle LMN. Two sides and the included 
angle of triangle ABC are equal to two sides and the included angle of triangle POR. 
But this cannot be said about the triangles ABC and LMN. .-. There is insufficient 
data to state that and AABC and A LMN are congruent. 


Note: Here the angle ACB which is 30° is called the included angle of the sides 


AC and CB. Similarly, the angle RPO is the included angle of the sides PR and PO 
of the triangle POR. 


This result which you discovered through the above activity has been used as an 
axiom of geometry from ancient times. 


If two sides and the included angle of one triangle are equal to two sides and the 
included angle of another triangle, then the two triangles are congruent. 


Showing that two triangles are congruent in the above manner is mentioned in short 
as being congruent under the case SAS. 


The two triangles ABC and POR given below can be shown to be congruent 
according to the above mentioned case using the given data as follows. 


In the triangles ABC and POR, 


A C Q 
AC = PQ (Given) 
ACR = RPO (Given) 
E = BC=PR (Given) 
<. AABC=APOR (SAS) 


Since the above two triangles are congruent, the remaining corresponding elements 
are also equal. 


That is, 
A A 
the sides AB and OR which are opposite the equal angles ACB and QPR are equal 


A A 
to each other, the angles ABC and QRP which are opposite the equal sides AC and 
PQ are equal to each other, 
A A 
and the angles CAB and POR which are opposite the equal sides BC and PR are 
equal to each other. 
Now let us consider an example. 


Example 1 


According to the data marked on the figure, prove that the triangles ABC and ADC 
are congruent, and write all the remaining equal corresponding elements. 


Proof: ys 
(i) In the triangles ABC and ACD, 
AB = AD (Given) F 
C 
BÁC =CAD (Given) 
AC is a common side 
<. AABC=AADC (SAS) D 


(11) The corresponding elements of congruent triangles are equal. 
A A A A 
<. BC = CD, ABC = ADC and ACB = ACD. 
Exercise 5.1 


1. Determine for which pairs of triangles the SAS case can be applied to prove 
congruence based on the given information. For these pairs, prove that the two 
triangles are congruent and write down the remaining pairs of corresponding 
elements which are equal to each other. 


F j A B N M 
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(iv) XT 5cm 


(iii) 8 cm 


v) j cor o Wii) A 
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(viii) (ix) A (x) 
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2. For each of the following parts, draw a sketch of the relevant pairs of triangles 
based on the information that is given. From these pairs of triangles, select the 
ones which are congruent and write down the remaining pairs of corresponding 
elements which are equal to each other. 

(i) In the triangles POR and XYZ, PỌ = XZ, OR = XY, POR = YXZ. 

(ii) In the triangles ABC and LMN, AC = LN, BC = LM, ABC = LMN = 50°. 

(iii) In the triangles DEF and STU, EF = TU, DF = S U, EFD = TUS. 

(iv) In the triangles ABC and POR, BC = PQ, CBA = QPR, AC = PR. 


3. 4 D Inthe given figure, AB = DC and ABC = BCD. 
Prove that, 
SH (i) AABC=ADCB, 
(ii) AC = BD. 
B € 


D Inthe quadrilateral ABCD, the sides AD and BC 


A 
are parallel and equal in length. Mark the given 
data in the diagram and prove that, 
(i) A4BC AADC. 
/, (ii) AB = DC, 


(iii) AB and DC are parallel to each other. 


5. r Using the information marked on the triangle ABC, prove 


that, 
(i) AABX= A CBX 
(ii) AXB =90°. 


€ xX A 


6. In the quadrilateral ABCD, the diagonals AC and BD bisect each other at O. 
Prove that, 
(i) AAOD =ABOC 
(ii) the lines AD and BC are parallel to each other. 
Now let us consider the second case by which the congruence of two triangles can 
be identified. 


(b) Second Case 


The case in which the magnitudes of two angles and the length of a side of a triangle 
are equal to the magnitudes of two angles and the length of a corresponding side 
of another triangle 


Activity 


Consider the triangles given below. 
C P 


40° 


2.5 cm B 


e Copy the triangle ABC onto a tissue paper and cut it out. 


e Place it on the triangles POR and LMN and examine which triangle it coincides 
with. 


e Accordingly, which triangle is congruent to the triangle ABC? 


It must be clear to you according to this activity that the trianlge ABC is congruent 
only to the triangle POR. 

In this case too, as in the case (a), the two triangles POR and LMN have three 
elements which are equal to three elements of the triangle ABC. However, although 
the triangle ABC is congruent to the triangle POR, it is not congruent to the triangle 
LMN. As before, it should be clear to you from this that, just because two triangles 
have three elements which are equal to each other, it does not mean that the triangles 


are congruent. 


Therefore, let us consider another method by which we can identify that the triangle 
ABC is congruent to the triangle POR. The given side of length 2.5 cm is opposite 
the given 30° angle of the triangle ABC. It is the same for the triangle POR. However 
it is not the same in the triangle LMN. Accordingly, two angles of triangle ABC is 
equal to two angles of triangle POR, and one side of triangle ABC is equal to the 
corresponding side of triangle POR. However, the corresponding side of triangle 
LMN is not equal to that of triangle ABC. 


Note: Here, corresponding sides are defined as those which are opposite equal 
angles of the two triangles. 


Iftwo angles anda side of one triangle are equal to two angles and the corresponding 
side of another triangle, then the two triangles are congruent. 


Showing that two triangles are congruent under these conditions is stated 
concisely as being congruent according to the AAS case. 


Using the given data, we can show as done below, that the triangles STU and LMN 
in the following figure are congruent according to the case mentioned above. 


In the triangles STU and LMN 


STU = MNL (Given) 
TUS =NiM_ (Given) 
ST=MN (Given) 

<. ASTU=AMNL (AAS) T M 


Note: In the above two triangles ST and MN are a pair of corresponding sides which 
are also equal. Observe carefully that they are corresponding sides because they are 


opposite the angles SUT and MLN which are equal to each other. 
Example 1 


Based on the data marked on the figure, prove that, AABX =A ACX and write all the 
remaining equal corresponding elements. 


Proof: P 
(i) In the triangles ABX and ACX, 
ABX=ACX (Given) 
BÂX=CÂx (Given) 
AX isa common side 
<. AABX =A ACX (AAS) B 3 c 


The corresponding elements of congruent triangles are equal. 


A 
Therefore BX = CX, AXB =AXC , AB =AC 
Example 2 
Determine whether the following pair of triangles is congruent under the case AAS. 


A P 


{0 {os 


50 0° 
B Č Q R 


Two angles of the triangle ABC are equal to two angles of the triangle POR. Also, 
AB = PQ. However, they are not corresponding sides. The reason for this is that the 


angles ACB and PRO which are opposite these two sides are not equal to each other. 
(ACB = 50°., PRO= 180° —50° —70°= 60°) Therefore, there are insufficient 
reasons to say that the two triangles ABC and POR are congruent to each other by 
the case AAS. 


Mention for which pairs of triangles the AAS conditions can be applied to prove 
congruence based on the given information. For these pairs, prove that the two 
triangles are congruent and write down the other pairs of corresponding elements 
which are equal to each other. 


(1) Is |> E i 
A, A pS 
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2. For each of the following parts, draw a sketch of the relevant pair of triangles 
based on the information that is given. From these pairs of triangles, select the 
ones that are congruent and write down the remaining pairs of corresponding 
elements which are equal to each other. 

i. In the triangles ABC and POR, ABC = POR, ACB = PRO, BC=OR 

ii. In the triangles XYZ and LMN, XYZ = LMN = 90°, YXZ = 30° MNL = 60°, YZ = MN 
iii. In the triangles STU and POR, TSU = QRP TU=PR, TUS = POR 
iv. In the triangles DEF and ABC, EDF = BAC = 40°. DFE = ACB = 60°, DE=BA 


3m z C In the given figure, AB and CD are parallel to 
each other and BO = OD. Show that 
5 A AOB=A DOC 
A B 


The pairs of sides AB and FE, and AC 
and DE are parallel to each other. Show 
that AABC= AEFD 


A 
<L 
E 


5. In the triangle ABC, ABC =90°. If AF = BC, prove that 
AAFG=A BCE. 


F 
B C 
6. In the quadrilateral ABCD, Â = C = 90°. The angles ADC and ABC are bisected 
by BD. Prove that A 4BD = A CBD. 


Let us consider the third case by which the congruence of two triangles can be 
identified. 
(c) Third Case 


The case of three sides of a triangle being equal to three sides of another triangle 


Can a unique triangle be constructed when the lengths of the three sides of the 
triangle are given? To determine this, engage in the following activity. 


Activity 


Break off pairs of ekel sticks of lengths 5 cm, 6 cm and 7 cm respectively. Make 
two triangles of side lengths 5 cm, 6 cm and 7 cm with these pieces. Do you see 
that the two triangles have to be congruent? By changing the positions of the pieces 


of ekel in one triangle, can you create a triangle which is not congruent to the other 
triangle? It must be clear to you that this is not possible. 


This result which you established through the above activity can also be used as an 
axiom. 


If the three sides of a triangle are equal to the three sides of another triangle, then 
the two triangles are congruent. 


Showing that two triangles are congruent under these conditions is stated concisely 
as being congruent according to the SSS case. 


We can show in the following manner that the pair of triangles XYZ and DEF are 
congruent according to the above case. 
Z D In the triangles XYZ and DEF, 


XY =DF (Given) 
YZ=EF (Given) 
ZX =DE_ (Given) 
<. A XYZ = A DEF (SSS) 


Example 1 


Prove that APOR=A PSR based on the information 
in the figure and write all the remaining equal 
corresponding elements. 


Proof: In the triangles POR and PSR, 
PQ=RS_ (Given) S P 
QR =PS_ (Given) 
PR is a common side 
<. APOR=ARSP_ (SSS) 
The corresponding elements of congruent triangles are equal 
RSP = POR, SRP = QPR, SPR = ORP. 


1. Determine for which of the following pairs of the triangles the SSS conditions 
can be used to show congruence based on the given information. For these pairs, 
prove that the two triangles are congruent and write down the remaining pairs of 
corresponding elements which are equal to each other. 


i H ii 
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2. Draw a sketch of the following triangles based on the information that is given. 
Select the triangles (if there are any) which are congruent according to the SSS 
case and write down the remaining pairs of corresponding elements which are 
equal to each other. 

In triangle POR, PO=4 cm, QR = 6 cm, RP = 5 cm 
In triangle XYZ, XY = 6 cm, YZ = 8 cm, ZX = 10 cm 
In triangle LMN, LM = 5 cm, NM = 4 cm, NL = 6 cm 
In triangle DEF, DE = 8 cm, EF = 10 cm, FD = 6 cm 
In triangle ABC, BC = 8 cm, CA = 7 cm, AB = 9 cm 
In triangle STU, ST = 9 cm, TU = 7 cm, SU = 5 cm 


To bisect the angle ABC , a student selects the point B as 
the centre and draws the arc PQ. The arc intersects AB 
and BC at the points P and Q respectively. Two equal 
arcs drawn from the points P and Q intersect at R. Prove 
that PBR = OBR. 


4. & R The opposite sides of the quadrilateral PORS are equal 
in length. Prove that, 
(i) APSR=A POR 
(ii) PSR = POR 
P H 0 (iii) the opposite sides of the quadrilateral are parallel. 


5. Prove that the straight line joining one vertex of an equilateral triangle to the 
mid-point of the opposite side is perpendicular to that side. 


(d) Fourth Case 


The case of the hypotenuse and a side of a right - angled triangle being equal to the 
hypotenuse and a side of another right - angled triangle. 


A pair of right-angled triangles drawn such that the hypotenuse is 3 cm and another 
side is 2.5 cm is shown below. 


(i) (ii) 
A ‘ Q P 


3 cm 
2.5 cm 3 cm 


2.5 cm 


Copy the triangle in figure (i) onto a tissue paper and examine whether it can be 


made to coincide with the triangle in figure (ii). 


Accordingly, the congruence of a pair of right-angled triangles can be expressed in 
terms of the equality of two elements as follows. 


If the lengths of the hypotenuse and a side of a right-angled triangle are equal to the 
lengths of the hypotenuse and a side of another right-angled triangle, then the two 
triangles are congruent. 

Showing that two triangles are congruent under these conditions is stated concisely 
as being congruent according to the RHS (right-angle-hypotenuse-side) case. 


Let us prove that the two triangles given below are congruent based on the 
information that is given. 


P 
P In the right-angled triangles ABC and POR 
AC =PR (Given) 
AB =QR (Given) 
= RH 
7 "E r .. AABC=APOR (RHS) 


Since the above pair of triangles is congruent, the remaining pairs of corresponding 
elements are also equal. 


That is, BC = PQ, BAC = PRO, ACB = QPR. 


Example 1 


Based on the information in the figure, prove that, 
AOXA =A OXB and write all the remaining equal 

corresponding elements. 

Proof: 

In the right-angled triangles OXA and OXB, 


a 
& 


OA = OB (radii of same circle) 
OX is a common side 
~. MOXA = AOXB (RHS) 
Corresponding elements of congruent triangles are equal. 
OAX = OBX, AX = BX, AOX = BOX. 


1. Determine for which of the following pairs of the triangles the RHS conditions 
can be used to show congruence based on the given information. For these pairs, 
prove that the two triangles are congruent and write down the remaining pairs of 
corresponding elements which are equal to each other. 


(i) 4 pom _£ (ii) R F 
10 cm ig 
10 cm 
E 
(iv) 
M-N 
(vi) 4 (vii) A ae 
all 
D 13 cm 
B Oo 
‘ E 
(ix) (x) A 
nN 
i | T ip Q 13 cm z 
5cm 
B Joum G 12 cm D 


N 


. For each of the following parts, draw a sketch of the relevant pairs of triangles 
based on the information that is given. From these pairs, select the ones that are 
congruent (if there are any) and write down the remaining pairs of corresponding 
elements which are equal to each other. 

(i) In the triangles ABC and POR, ABC = POR =90°, AC = PR = 5 cm, 

BC=3 cm, OP =4 cm. 
(ii) In the triangles LMN and XYZ, LMN = XYZ =90°, LM = XY, MN = YZ. 
(iii) In the triangles DEF and POR,DEF = POR =90°, DF = PR, EF = PO. 


(iv) In the triangles ABD and ABC, ADB = ACB =90°, AD = CB 


a4 R If AC = PR and AB = RO in the figure, show that 
BP = CQ. 


B B C Q 


4. In the triangle POR, the perpendiculars QY and 
RX are drawn from the points Q and R to the sides 
RP and QP respectively such that QY=RX. Prove 


that, 
(i) AXOR= AYRO 
Gi) XRO = YOR 


P 
an 
Q R 
Miscellaneous Exercise 
i A X In the figure 4X//YB and AX = YB. Show that the straight 

X 

Y B 
B 


lines AB and YX bisect each other at P. 


2. In the triangle ABC, the mid point of AC is M. The 


perpendiculars drawn from A and C meet BM and BM 


produced at P and Q respectively. Show that 
A AMP = A MOC. 


A 
3. Using the information in the figure, show that 
A ADF= A DBE. D F 
B E C 
A 


4. ABC in the figure is an equilateral triangle. The mid points E 
of AC and AB are E and F respectively. Show that 
(i) AB and FC are perpendicular 3 
(ii) AC and BE are perpendicular 
(iii) CF = BE. 
A 
5. In the triangle ABC in the figure, AB = AC. The point D is 
such that BD = DC. AD produced meets BC at E. Prove 
that 
(i) AABD=ACAD n 
E 
A 


(ii) A BAE =A CAE 
(iii) AE and BC are perpendicular to each other. 


6. In the given triangle ABC, the perpendicular drawn from B 
and C to the sides AC and AB are BY and CX respectively. 
If BY = CX then show that 2 y 
(i) AB = AC 
B C 


(ii) XBC = YCB. 
A D 
7. The perpendiculars drawn from A and C to 7 

the diagonal BD of the rectangle ABCD 

meet BD at X and Y respectively. Prove that 

(i) AAXD= A BCY x 

(ii) AX = YC B C 
(iii) BX = YD 


(iv) AYDC = A ABX 


: eos ; ; D 
8. The point X lies in the interior of the square ABCD such =a ee 
that XAB is an equilateral triangle. Show that KI 
(i) A AXD = A CBX 
(ii) DXC is an isosceles triangle. 
A H B 


9. The equilateral triangles BCF and DCE are drawn on the sides BC and DC of 
the square ABCD such that the triangles lie outside the square. 
(i) Draw a rough sketch illustrating the above information. 
Show that, 
(ii) A EDA =A ABF 
(iii) EAF is an equilateral triangle. 


10. The perpendicular bisector of the side BC of the triangle ABC is AE. The point 
D lies on AE. Prove that, 
(i) AABE =A AEC 
(ii) ABDE=A DEC 
(iii) A ABD = A ACD 


11. ABCDE is a regular pentagon. 
(i) Show that AABC = AAED. 
(11) If the foot of the perpendicular drawn from A to the side CD is X, prove that 
CX = XD. 


Area 


By studying this lesson you will be able to 


e find the areas of sectors of circles, 
e solve problems related to the areas of plane figures containing sectors of 
circles. 


( Areas of plane figures 


Let us recall some facts you have learnt in previous grades under the topic Area. 


Name Plane Figure How the area is calculated Formula for the 
area (A) 


A=axb 
length x breadth 


Rectangle 


Square 
(length of a side)? A=a@ 


a 
b 
a 
[| 
Parallelogram 
f ad base x altitude A=axh 

a 
Triangle j 

Tan = x base x altitude fa akh 

A 2 
a 
| 
b 


Trapezium 
sum of the 
5 x lengths of the x altitude i 
parallel sides A=5(a+b)xh 
Circle 
m x (radius)? 
A=ar 


Review Exercise 


1. Find the area of each of the following plane figures. 


6cm gremi 
ery 4cm 

6cm 

C D 
6 cm 

6 cm 
= 24 cm E 10 cm 
E F G 


2. The rectangle in Figure C has been formed by joining together the trapezium in Figure 
A and the triangle in Figure B. 


Figure A Figure B Figure C 
5 cm 3 cm 
XS 
4cm 5 cm N 
4 cm À 
\ 
8 cm 


(i) Find the area of the trapezium in Figure A. 
(ii) Find the area of the triangle in Figure B. 
(iii) Find the area of the rectangle in Figure C in terms of the areas of Figure A 
and Figure B. 


3. The figure denotes a trapezium of area 33 cm? that has 
been formed by joining two triangles together. Find the 
area of the triangle which is shaded. 


4. The figure denotes a parallelogram of area 120 cm’. 
Its perimeter is 64 cm. Determine the following 
based on the information that is given. 

(i) The length of the side CD. 


(ii) The length of the side BC. 


(6.1 Area of a sector of a circle 


We considered how the perimeter of a sector of a circle is found in the lesson on 


perimeters. Now let us consider how the area of a sector of a circle is found. 


y 


The following table shows how the area of a sector is found when the angle at the 
centre of the sector takes certain special values. 


Sector 


Shaded Sector as a fraction of the 
circle 


Area of the Sector 


SOGDPIHIO 


N|—= 


>= 


Al 


W]e 


mr 


a Xm 


According to the pattern in the table, the area of the sector of radius 


r r and angle at the centre @° is_@_ x ar 
360 


Let us consider (through the following examples) how the area of a sector is found 
using this result. In the examples and exercises of this chapter, the value of z is 
taken as =“. 
7 
Example 1 


Find the area of the sector in the following figure. 


Area = 45 xar 
360 
14 cm = a 22 
= 360 Xa x 14x 14 
=77 
45 <. Area is 77 cm’, 


Example 2 


1 
If the area of the sector in the figure is 17 9 cm”, find the radius of the corresponding 
circle. 


Let us take the radius as r cm. 


40 
Area = —— x gr’ 
360° 
l 1 22 2 
ge ge a 
Bisle 
2 154x7 
r = 
22 
r’=49 
r=7 


<. Radius is 7 cm. 


1. Find the area of each sector. 
(i) (ii) (iii) (iv) 


3 cm 


14 cm 
21 cm 
14 cm 
2. The areas of the two sectors of circles given below are 77 cm? and 462 cm? 


respectively. Find the angle at the centre of each sector. 
sS 
so” p 


(1) (ii) 


21 cm 
: ; 2 
3. The areas of the two sectors of circles given below are 792 cm? and 6—cm? 
respectively. For each sector, find the radius of the corresponding circle. 


(1) (ii) 


A) 


80° 


(6.2 Plane figures containing sectors of circles 


Let us consider the areas of plane figures formed by sectors of circles and other 
simple plane figures such as rectangles and triangles being joined together. 


Example 1 


The following denotes a plane figure consisting of a square and a semi-circle. Find 
its area. 


E ! Area of the square = 14 x 14 
= 196 cm? 
L L Since the diameter of the semi-circle is equal to the 
length of a side of the square, 
The radius of the circle is 14 + 2 = 7 cm. 
Area ofthe semi-circle = Li ar 
l 22" 
= —- X 


Z 7 


Area of the compound plane figure =196 cm? +77 cm? 


1 
xA x7 = TIm? 


= 273 cm? 


Example 2 


The figure denotes a compound plane figure consisting of a rectangle and two 
sectors of a circle. Find its area. 


< 10 cm > 


N 


Area of the rectangle =10 x7 


=70 cm? 
Area of a sector S28 x mr? 
360 
= 30_ x 22 x7x7 
360 7 
6 
Area of both sectors = Z x2 = Z =25 2 cm? 


Area of the compound plane figure = 70cm? + 25 om 


= 95 2 cm? 
3 


Example 3 


. P A . 1 20 cm 
The shaded portion is obtained by cutting a 
of a circle from a rectangular lamina. Find the 


; ; 7 cm 
area of the shaded portion using the given data. ° 


Area of the rectangle = 20 x 7 
= 140 cm? 


Area of the sector = a x ar 


= 38.5 cm? 
Area of the shaded portion = 140 — 38.5 
= 101.5 cm? 


1. The following is a compound plane figure consisting of a square and two 


semi-circles. 
< omm S 
| 


(i) Find the area of the square. 

4. + (ii) Find the radius of a semi-circular portion. 

(iii) Find the total area of the two semi-circular portions. 
(iv) Find the area of the compound plane figure. 


2. The shaded portion in the figure was obtained by cutting out two semi-circular 
parts from a rectangular piece of paper. 
<—— 25cm———-> (i) Find the area of the rectangle. 
ll (ii) Find the total area of the two semi-circular 
i parts. 
(iii) Find the area of the shaded portion. 


3. The following is a compound plane figure consisting of a parallelogram and a 
sector of a circle. 


7 cm 
a 30° 


< 44 cm > 


(i) Find the area of the parallelogram. 
(ii) Find the area of the sector. 
(iii) Find the area of the compound figure. 


4. The figure denotes a circular lamina of radius 28 cm. 


The two sectors in the figure are to be cut out. Find the he 
area of the remaining portion after the two sectors have a 
been cut out. 4 cm 


5. The following is a figure consisting of two sectors of circles. 


Show that the ratio of the area of the smaller 
Diem . 


sector to the larger sector is 1 : 3. 
<7 cm> 


6. Based on the measurements given in the figure, show that 
the area of the unshaded region of the larger sector is seven 
times the area of the shaded sector. 


<7 cm <7 cm > 


Summary 7 
The area of a sector of a circle of radius r with angle at the centre @ is =, X m 


360 


Miscellaneous Exercise 


1. Find the area of the shaded portion in each of the figures given below which are 
formed by sectors of circles. 


Y (i) Z o / 
Ges: kK 2 
<—7om—> e 3.5 >d 


14 cm 


2. Find the area of the shaded region. 
The curved line in the figure is the arc of a semi-circle. 


SS 14 cm 


3. The figure denotes two semi-circles. 
Show that the ratio of the un-shaded region to the 
shaded region in the figure is 5 : 7. 


5. A sketch of the area in front of a commemorative 
plaque is given in the figure. Grass has been 
grown in the three portions within the semi-circle 
which are in the shape of sectors of circles, while 
white sand has been spread in the other regions. 
The radius of each sector within the semi-circle 
is 84 cm. 

(i)What is the radius of the semi-circle in centimetres? 
(ii) Find the area of the semi-circular part in cm?. 
(iii) Find the area of one of the sectors with angle at the centre equal to 30°. 
(iv) Find the angle at the centre of the large sector if its area is 1848 square 
centimetres more than the sum of the areas of the other two sectors. 


30° 30° 


Factors of Quadratic Expressions 


By studying this lesson you will be able to 


e find the factors of trinomial quadratic expressions, 
e find the factors of the difference of two squares. 


( Factors of algebraic expressions 


We know that 2x + 6 is a binomial algebraic expression. Since it can be expressed 
as 2(x + 3), we also know that 2 and x + 3 are its factors. 


Similarly, since 4x?+ 6x = 2x (2x + 3), we know that 2, x and 2x + 3 are the factors 
of 4x? + 6x. 
Now let us find the factors of a° — 2a + ab — 2b 


@—2at+ab—-2b =a(a—2)+b(a-2) 
=(a—2)(a+ b) 
Therefore, the factors of a?— 2a + ab — 2b are a — 2 and a + b. 


Do the following exercise to further recall what has been learnt earlier about 
factoring algebraic expressions. 


Review Exercise 


1. Write each of the following algebraic expressions as a product of its factors. 


A. a. 3x+12 b. p-p e X? + 3xy 

d. 24-40 e pq- pI f. 2pq-4p°q 

g. 3mn+n h. 2a’ —4ab i. 2a’ —8ab-2b° 

je 5x°-10x’y? -15x’y k. 3x’ y-6x y +6xy L a’bc+ab’c-abe’ 
B. a. x(a+b)+ y(a+b) b. 2a (3x+ y)—-b(3x+ y) 

c. p(2a—3b) + q(2a—3b) d. 2(x-3)—xy+3y 

e. 3b+3+a(b+1) f. x’ —xyt+4x—-4y 

g. a —2ab—5a+10b h. m—3mn—n+3n? 


2. Fill in the blanks in (i) and (ii), and factor the expressions given below them 
accordingly. 


(i) a (2x -y) + b Q — 2x) (ii) p(a-b)-q (b-a) 
TLLA OOS ) =p (a —b) ....q (a — b) 
i (e NOAE ) = (a =b) (o ) 

a4 (2p =a m= y = 2p) i 3x (20 —b) + 2y(b — 2a) 

Com! —2n)— pion i) d. KQx +y)=1(y + 2x) 

Coie OV = Oa) f. b(m—2n) + d(2n — m) 


(Defining trinomial quadratic expressions 


Now let us consider factoring quadratic expressions such as x? + 2x — 3. This 
expression is of the form ax? + bx + c. Here a, b and c take integer values. 
We call an algebraic expression of the form ax? + bx + c, where a, b and c are 
non-zero, a trinomial quadratic expression in x. a is said to be the coefficient of 
x’, b the coefficient of x and c the constant term. It is easy to find the factors of 
such an expression when the terms are written in this order. The coefficient of 
x? in x? + 2x —3 is 1 while the coefficient of x is 2 and the constant term is — 3. 
4 + 2x — x’ is also a trinomial quadratic expression. To find its factors it can be 
written in the order — x? + 2x + 4. 


When the trinomial quadratic expression x? + 2xy — y? is considered, it can be 
thought of as a quadratic expression in x or a quadratic expression in y. When it is 
considered as a quadratic expression in y, it is convenient to write it in the form 
—y + 2xy + x. 


For example, while 3x? = 2x = 5, œ + 2a + 8, y? + 2y — 5 and 5 —2x — 3x? are 
trinomial quadratic expressions, the expressions a + 2x + 3 and 2x? + 3x? —5x are 
not. 


C .1 Factors of trinomial quadratic expressions 


Let us recall how the product of two binomial expressions such as x + 2 and x + 3 
is found. 


(x+2)(x+3) =x(x+3)+2(x+3) 
=x +3x+2x+6 
— 
=x°+5x+6 


Since x? + 5x + 6 is obtained as the product of x + 2 and x + 3, we obtain that 
x + 2 and x + 3 are factors of x? + 5x + 6. x? + 5x + 6 is a trinomial qudratic 


expression. How do we obtain x + 2 and x + 3 as its factors? Let us examine the 
steps that were performed to obtain the product of the above two expressions, in 
the reverse order. 
e The middle term 5x of the trinomial quadratic expression x? + 5x + 6, has 
been expressed as a sum of two terms, as 3x + 2x 
e The product of the terms 3x and 2x = 3x x 2x = 6x? 
e The product of the initial and final terms of the trinomial quadratic 
expression x? + 5x + 6 is x*x 6 = 6x 
We can come to the following conclusions based on the above observations. 
The middle term should be written as the sum of two terms. The product of these 
two terms should be equal to the product of the initial and final terms of the trinomial 
expression. 


As an example, let us factor x? + 7x + 10 accordingly. Here, 7x is the middle term. 
This should be written as the sum of two terms. Also, the product of these two terms 
should be equal to 10x’. 


The product of the initial and final terms = x? x 10 = 10x? 

The middle term = 7x 
Let us find the pair of terms which has 10x? as its product and 7x as its sum. Let us 
consider the following table to do this. The two terms in the first column have been 
selected such that their product is 10x’. 


Pair of terms Product Sum 
x, 10x xX 10x = 10x? x+10x =11x 
Dye, Sire Dy X 5x = 102 Do ge = & 


(=x), (— 10x) (~x) x(— 10x) = 10x? | (~x)+ (~10x) = -11x 
(—2x),.C 5x) (=25) X(— 5x) = 10x? |(~2x) + (—5x ) = -7x 


It is clear from the above table that the middle term 7x should be written as 2x + 5x. 


Now, let us find the factors of the given trinomial quadratic expression. 
x°+7x4+10 =x? +2x+5x+10 
= x(x+2)+5(x+2) 
= (x+2)(x+5) 


Therefore, the factors of x? + 7x + 10 are x + 2 and x +5. 


Let us see whether the factors are different if we write the middle term of 
xX? + 7x + 10 as the sum 5x + 2x, instead of 2x + 5x. 
xet+7x+10 = yx +5x+t2x t10 
= x (x+ 5) + 2(x+ 5) 
= (x+ 5) (xt 2) 


We observe that the same factors are obtained. Therefore, the order in which we 
write the two terms that were selected has no effect on the factors. Accordingly, the 
factors can be found by writing 7x as either 2x + 5x or as 5x + 2x. 


Example 1 


Factor a? —8a + 12. 
The product of the initial and final terms = a? x12 = 12a? 
The middle term =- 8a 
Find the two terms which have 12a’ as their product and —8a as their sum. 
The following table contains pairs of terms of which the product is 12a’. The pair 
which when added equals — 8a has been shaded. 


Pair of terms Product Sum 
a, 12a axl2a =12a a+ 12a= 13a 
2a, 6a 2ax6a =12a 2a+6a = 8a 
3a, 4a 3a x4a =12a 3a+4a =7a 
(-a), 12a) Ca) x€12a)=12a| (-a)+(-12a) = -13a 
E24), (6a) —2a) x(-6a) =12a° | (~2a ) + (6a) = -8a 
(3a). (4a) —3a)x(-4a) =12a°| (—3a)+(-4a) = -7a 


That is, — 8a can be written as —2a — 6a 
a@—-8a+12 =a?—2a- 6a +12 
=q (a —2) — 6 (a —2) 
= (a —2) (a —6) 


Note: A table has been used here only as an illustration. The middle term can be 
obtained as a sum mentally too. 


Example 2 


Factor x? — 7x = 8. 
The product of the initial and final terms = x° x (—8) = — 8x? 
The middle term = — 7x 

The two terms which have —8x’ as their product and —7x as their sum are + x and 
= 8x. 
Accordingly; x -7x-8 =x +x-8x-8 

= x(x+1)-8(x+1) 

=(x+1)(x-8) 
Now let us consider how an expression such as — x? — x + 6 which has a negative 
quadratic term is factored. The factors can be found by re-writing the expression 


as 6 — x — x’, with the quadratic term at the end. By considering the example given 
below, let us recognize the fact that the factors can be found using either form. 


Example 3 


Factor = x7 — x4 6, 
The product of the initial and final terms = — 6x? 
The middle term = — x 


— x should be written as 2x — 3x. 


=x 246 Gror 

=—x +2x—3x+6 =6+2x-3x-x 

ee ee a) or = UIA ee 

= (-x + 2)(x+3) = (3+ x)(2-x) 

= (2—x)(x+3) = (2—x)(x+3) 
Example 4 


Factor a? — 4ab — 5b’. 


We may consider this as a trinomial quadratic expression in a. 
Then, 
the product of the initial and final terms = a’ x (—5b*) = —Sa’b? 
The middle term = —4ab 
The two terms which have —5a’b’ as their product and —4ab as their sum are ab 
and —Sab. 


a —4ab—5b2 =a’+ab—Sab—5b* 
=a(at+b)—5b(a +b) 
=(at+b)(a —5b) 


Note: This can also be considered as a trinomial quadratic expression in b and 
factored. Then too the above answer is obtained. 


( Accuracy of the factors of a trinomial quadratic expression 


The errors made in simplification can be minimized by examing the accuracy of the 
factors of a trinomial quadratic expression once they have been found. For example, 
let us factor x? + 3x — 40. 

x + 3x-— 40 =x + 8x- 5x-40 


=x(x + 8)-— 5@ + 8) 


= (x + 8) (x—5) 


If the factors x + 8 and x —5 are correct, by multiplying them together we should be 
able to get back our original expression. Let us find the product of x + 8 and x —5 
(x + 8) (x -—5) =x’? — 5x + 8x — 40 

=x + 3x—40 


Since we have obtained our original expression x? + 3x — 40, the factors x + 8 and 
x — 5 are correct. 


1. Complete the following table. 


Pair of algebraic Product Sum 
terms 

4x,x 5x 

Zn E ee | ed ties 

Sees te VE || Meet ||| 9 ee 

== S | ee. 

=D o f eaaa en ee 

Dim ||| o s | f aooe 
e 3x 
R 6x 
ee = 3a 
eee 6p 


2. Factor each of the following trinomial quadratic expressions. 


A. for ARES b. a’—-8a4+15 ae eee 
dix 105421 e. m +11m+24 f. y ioris 
g. n?’ +15n+14 h. x°-17x+30 i. a? + 1494-49 
ep =r k. p*+8p—20 b 3. 10 
m. p’ + p—20 n. n’—4n-21 0. a? +3a—28 
p. y’ —4y—12 d- m? -40+ 6m I 5ptp 24 
s. 45+ x° —14x ton = 28-12% 

B. a. 10-3x-x’ w 12-p-p’ ce. 12-4x- x 
d. 50+5x—x’ e. 18+7a—a’ b 56a" 


Cl aa 4 Jap F110" b. X +3xy+2y" 
c 


-p 1p 2q d. Y +10ay+ 24a’ 
ea —10ab+21b’ foe 2a 8) 
g. p+ pq-12q° w lle 
i. a —-ab-20b° j. X +6xy -407° 


3. A certain number is denoted by x. The product of the expression obtained by 
adding a certain number to x, and the expression obtained by subtracting a 
different number from x is given by the expression x? + x — 56. 

(i) Find the factors of the given expression. 
(ii) What is the number that has been added to the number denoted by x? 
(iii) What is the number that has been subtracted from the number denoted by x? 


7.2 The factors of trinomial quadratic expressions described 
further 


So far we have considered only how the factors of trinomial quadratic expressions 
with the coefficient of x° equal to either 1 or —1 are found. Now let us consider 
how the factors are found when the coefficient of x? is some other integer. For 
example, let us consider the trinomial quadratic expression 3x? + 14x + 15. This is 
of the form ax? + bx + c with a = 3. In such cases too we can use the same method 
that we used above. 


Example 1 


Factor 3x? + 14x + 15. 
The product of the initial and final terms = 45x? 
The middle term 14x needs to be written as 5x + 9x. (since 5x x 9x = 45x’). 


3x7 +14x+15 

= 3x7 +5x+9x4+15 
= x(3x+5)+3(3x+5) 
= (3x+5)(x+3) 


Example 2 Example 3 


Factor 6x2 +x — 15. Factor 2a? + 13ab —7b”. 
6x? + x-15 2a°+13ab—7b 

= 6x" +10x —9x -15 =2a°— ab+14ab—7b’ 
= 2x(3x+5)—3(3x +5) = a(2a—b)+7b(2a—b) 
= (3x +5)(2x —3) = (2a—b)(a+7b) 
Example 4 


Factor x7+ Šx+ 1. 


First let us write the algebraic expression with a common denominator. 


ees 2x°+5x+2 
2 2 


=5 2x" +5x +2) 


Now let us find the factors of the quadratic expression within brackets. 
9x7°4+ 5x+2=2x7°+x4+4x42 
=x (2x+1)4+2(2x+1) 
=(2x4+1)(x +2) 


1 
Therefore, x? + xt 1= 5(2e+ 1) + 2) 


1. Factor each of the following trinomial quadratic expressions. 


A. a, 2x?+3x+1 b. Sa’ Tan? c. 2x7 —x-1 
d. 4p°+4p—3 e. 6x?43x-3 f. 2x? liyiy 
g. 2y —Syat3a’ h. 2a’ +7ab+6b° i. 5p’ —9pq—2q7 
j. 2m? +3mn—2n* k. x’y’ +10xy +16 L 2x° —x°y—3xy” 


2. Find the value of each of the following numerical expressions using the knowledge 
on the factors of trinomial quadratic expressions. 
a a es) b. 93? + 3 x 93 — 28 
c. 27? — 4 x 27 -21 d. 54? + 2 x 54 — 24 


7.3 The factors of expressions which are in the form of the 
difference of two squares 


Consider the product of the two binomial expressions (x — y) and (x + y) 
&-y@tyHxr +xy-—xy-y 
= x2 — y 


We have obtained x? — y? which is a difference of two squares. We observe from 
the above expansion that the factors of x? — y? are x — y and x + y. Further, x? — y’ 
can be considered as a quadratic expression in x and factored. By taking its middle 
term to be 0, we can write it in the form of a trinomial quadratic expression as 
xX +0 -— y. Let us factor this expression. 
Product of the initial and final terms = — xy’ 
Middle term = 0 
Accordingly, the pair of terms with product — xy? and sum 0 is — xy and xy. 


x +0-y? =x’ -xy+xy-y 
=x(x-y)+ YX-Y) 
= (x— y(t y) 


Therefore, by this too we obtain x? —y? = (x-y) (x + y). 
Let us consider the following examples of the factorization of expressions which 
are the difference of two squares. 


Example 1 
Factor (i) x? — 4 (ii) 42-9 (iii) 25a? — 16b? 
(i) (ii) (ili) 
A A 4x? -9 25a’ -16b 
T o = (2x) -3 = (6a) 145), 
T = (2x -32x + 3) = (5a — 4b)(5a + 4b) 


Do the following exercise after studying the above examples. 


1. Fill in the blanks. 
(i) x’ -36 (ii) 9-y? (iii) 25x? —4y? 
=e = ase =e Se) (ae 
FG O)Gs Ge ee ee ie) 
(iv) 2a? -8b V) 3p -270° (vi) ab?- 1 
=] erent ) Z a) (aby — 1 
=a Sc) ) Ile =62) | =Ge= OG) 
Sa eee eee) 
2. Factor the following algebraic expressions. 
a. y -81 b. 16-27 c. 100-7? d. mn’ -1 
e. 16a? -b° T g. 9p —4q° h. 400- 4n? 


i. 8x- 2 j. 4x y -9y 


3. The figure depicts two concentric circles of centre O . The 
radius of the smaller circle is r and the radius of the larger 
circle is a. 

(i) Express the area of the smaller circle in terms of z and r. 

(ii) Express the area of the larger circle in terms of z and a. 

(111) Write an expression for the area of the shaded region in 
terms of z, r and a and then represent it as a product of two 
factors. 


4. The figure depicts two squares of side length 5a units and 
2x units respectively. 
(i) Express the area of the smaller square in terms of x. 
(ii) Express the area of the larger square in terms of a. 
(iii) Show that the area of the larger square is greater than the 
area of the smaller square by (5a + 2x)(Sa — 2x) square 
units. 


—— N 


i yp 


C 7.4 Factors of the difference of two squares described further 


There are many algebraic expressions that can be factored by considering them as 
the difference of two squares. Given below are two such expressions. 


Example 1 


Factor each of the following algebraic expressions. 


Et -y (ii) (a = 2} - (a + 5} 
0 HF -y (ii) (a—2)’-(a+5)’ 
=[+2)-y] [@+2)+¥] =[(a-2)—(a+5)] [(a—-2)+ (a+5)] 
=(x+2—y)x+2+ y) =[a 2-a 5][a 2+a+5] 
=-7(2a +3) 


Factor the following expressions. 


a ria D O= =E c. (2a +3) -49 

d Gx—3y) =25 e (2p+3) -4q f. 25- (x+3)? 

m a(a-2y h. 16—(m+2) i (m+2) —(m+1)’ 
j. (2x +3) —(x-2) 


Miscellaneous Exercise 


1. Factor the following expressions 


a. (x— yy’ kh b. x’ y? +10xy +16 
ce. PY a d. 2x" — x" y —3xy’ 
e. 6x? -2x-4 EOD G 
g. x(x+5)—14 eo 4 
2. Factor the following expressions. (Hint: Take x? = y) 
a. x°+5x?+ 6 p. x'-16 
c. 2x°+14x° +24 d. 1-81x* 


Triangles I 


By studying this lesson you will be able to 


e prove riders using the theorems related to the angles of a triangle. 


( 8.1 The interior and exterior angles of a triangle 


The angles BAC ,ABC and ACB which are within the triangle ABC are called the 
interior angles of the triangle ABC (in short, these are called the angles of the 

triangle ABC). 
A The side BC of the triangle ABC has been 
produced up to D as indicated in the figure. The 


angle ACD which is then formed is an exterior 
angle of the triangle. Since BCD is a straight 


line, ACB is an adjacent supplementary angle of 
ACD . The angles BAC and ABC which are the 


interior angles of triangle ABC apart from ACB 
are called the interior opposite angles of the 


exterior angle ACD . In the same manner, there are pairs of interior opposite angles 
corresponding to the exterior angles formed by producing the other two sides of the 
triangle too. 


The following theorem specifies a relationship that exists between an exterior angle 
of a triangle and its interior opposite angles. 


Theorem: The exterior angle formed when a side of a triangle is produced 
is equal to the sum of the two interior opposite angles. 


Accordingly, for the above triangle ABC, 


ACD = ABC + BAC 


Let us now consider how problems are solved using this theorem. 


Example 1 


7 Find the magnitude of ACB based on the 
aS information in the figure. 


110° 
D B C 


According to the theorem, 
BAC + ACB =ABD (The exterior angle is equal to the sum of the interior opposite angles) 
“60° + ACB =110° 


ACB =110° —60° 
ACB =50° 
Example 2 


Based on the information in the figure, find the magnitudes 
of AEB and BCE. 


A A 
Let us denote AEB by x and BCE by y. 


It is clear that AEB is an exterior angle of the triangle AED 
Accordingly, y = 25° +709° (The exterior angle is equal to the sum of the interior 
opposite angles) 


= 95° 


Since AEB is an exterior angle of the triangle BCE 


yt+40° =x (The exterior angle is equal to the sum of the interior 
 y+40° =95° opposite angles) 
n y=95° —40° 
y=55° 


1. Find the magnitudes of the angles represented by the letters in each of the figures. 


(i) 4 (11) eC (iii) Ve 
LL aS 


8.2 The formal proof and applications of the theorem that the 
exterior angle formed when a side of a triangle is produced is 
equal to the sum of the two interior opposite angles 


Formal Proof: 


Z Data : The side BC of the triangle ABC has 
H been produced up to D. 
P To be proved: ACD = ABC+BAC 
7 Construction: CE is drawn parallel to BA. 
i 
B ról D 


Proof: 
ECD = ABC (BA//CE since corresponding angles) 


ACE = BAC (BA//CE since alternate angles) 
From @ and @ 


ECD + ACE = ABC + BAC (Axiom) 
^A A 
However according to the figure, the sum of the adjacent angles ECD and ACE is 
ACD . 
<. ACD = ABC + BAC 


Let us now prove several riders by using the formally proved exterior angle theorem 
and the other theorems you have learnt so far. 


Example 1 


The point S is located on the side OR of the triangle POR such that POS = SPR. 
Prove that OPR = PSR. 


Let us first draw a sketch and include the given information in it. 


P 


Proof: 


A 
PSR is an exterior angle of the triangle POS. 
<. OPS + POS = PSR 


<. OPS + SPR = PSR (Since POS = SPR) 
But, OPS + SÊR = QÊR (Adjacent angles) 


~. OPR=PSR_ (Axiom) 


Example 2 


Based on the information in the figure, prove that 
BAC + ABC = DEC 


B > C 


CE Dis an exterior angle of the triangle ADE. 
. DEC = DAE + ADE 
Also DAE and BAC are the same angle. 
-- ADE=ABC (Corresponding angles, DE // BC) 


<. DEC = BAC + ABC 


1. If BDF =EAF in the figure given below, fill in the blanks in the following 
statements to prove that FBC a FEC. 


B 
ip 


Cc 


D $ 
A 
Proof: Since FBC is an exterior angle of the triangle DBF, 


JAC = ne E 
But BFD =..... (Vertically opposite angles) 
and BDF =... E ) 
PBC = ee 
But FEC is an exterior angle of the triangle AFE. 
TEC = Coen ) 
FBC = FEC 


2. As indicated in the figure, AB and CD are parallel to 
each other. Prove that 4EC = BAD + ECD. 


3. As indicated in the figure, POR and PRS are right 
angles. If ORT is a straight line, prove that OPR = SRT. 


4. The lines AB and CD intersect each other at point £ 
as indicated in the figure. Based on the information 
aS 


IE 


in the figure, show that a = 2x. 
Ay 


D 


5. In the given figure, PRO=QOPR and RPS = PSR. 
Based on the information in the figure, show that 


POT =4 PSR . (Hint: Take PSR =x ) 


6. POR is a triangle. RS is perpendicular to PO and QT is perpendicular to PR. 
(S and T are on PO and PR respectively). The lines SR and QT intersect at U. Prove that 


SOU TRU. 
7. The side BC of the triangle ABC has been produced to £. The straight line AD 
has been drawn such that it meets the side CE at the point D and such that 
A A a a 
BAC =CAD . Also, ABC = BAC. 
Prove that, 
(i) ACD =2 ABC and 
(ii) ADE = 3 ABC. 


(8.3 Theorem related to the interior angles of a triangle 


A 
The interior angles of the triangle ABC are ABC, BAC and 
ACB . We know that the sum of the magnitudes of these 
angles is equal to 180°. 
B C 


This is expressed as a theorem as follows. 


Theorem: The sum of the interior angles of a triangle is 180° 
Accordingly, in relation to the above triangle, 4BC + BAC + ACB = 180° 


Let us now consider how problems are solved using this theorem. 


Example 1 
Find the magnitude of ACB based on the information in the figure. 
A 
60" BAC+ ABC +ACB = 180° (The sum of the interior angles) 
`. 60° +40° + ACB = 180° 
< ACB= 80° 
C 
40: 
B 
Example 2 


Find the value of x based on the information in the figure. 


Since the sum of the interior angles of the triangle is 180°, 
x +2x +30°=180° 


<. 3x +30° =180° 


2x 
<". 3x=180 — 30° 
3x=150° 
“ x= 50° x 30° 


Example 3 


The straight lines AB and CD intersect at Æ. If ADE= 35, DAE =70° and ECB =55° 
find the magnitude of CBE. 
First draw a figure with the given information. 

C 


D 


According to the given information, considering the triangle ADE, 
ADE + DAE + AED = 180° (Sum of the interior angles of a triangle) 
35° + 70°+ 4AÊD = 180° 
AED = 180° — 105° 


= 75° 
But, AED = BEC (Vertically opposite angles) 
BEC = 75° 


In the triangle BEC, 
BEC + BCE + CBE = 180° (Sum of the interior angles of a triangle) 
CBE = 180° — (15° + 55°) 
= 180° — 130° 
= 50° 


Example 4 


Determine whether there can be a triangle with interior angles 55°, 60° and 75°. 
55° + 60° + 75° = 190°. 

The sum of the interior angles of any triangle is 180°. Since the sum of the above 

three angles is not equal to 180°, there cannot be a triangle with the given angles as 

the interior angles. 


1. Using the information in each figure, determine the magnitude of the angle given 
below the figure. 


TA P 
(i) A (ii) =~ (iii) 4 5 B 
C 
B 1 Z\35 ie Q 
ACB XYZ OPR R 


2. Using the given information, find the magnitude of each of the angles denoted by 
a letter in the following figures. 


i 6 (ii) (iii) 


a+10° 


a—300 2a 


3. For each of the triplets of angles given below, determine whether they can be the 
interior angles of a triangle. 
(i) 50°, 40°, 90° (ily 702303 TS (i955, 127 38" 
(iv) 60°, 60°, 60° (v) 100°, 20°, 65° (vi) 53°, 49°, 78° 
4. The interior angles of a triangle are in the ratio 2 : 3 : 4. Find the magnitude of 
each of the angles. 


5. The magnitude of the largest angle of a triangle is three times the magnitude of 
the smallest angle and the magnitude of the other angle is twice as large as the 
smallest angle. Find the magnitude of each of the angles. 


8.4 Formal proof and applications of the theorem that the sum of the interior 
angles of a triangle is 180°. 


The formal proof of the theorem "The sum of the interior angles of a triangle is 
180°” is given below. 


B C D 
Data : ABC is a triangle 


To be proved : ABC + BAC + ACB = 180° 
Construction : Produce BC up to D and draw CE parallel to BA 


Proof: ABC = ECD (Corresponding angles, BA // CE) --------------- (1) 
BAC = ACE (Alternate angles, BA / CE)  --------------- (2) 
From (1) and (2), 


ABC + BAC = ECD + ACE 
By adding ACB to both sides, 
ABC + BAC + ACB = ECD + ACE + ACB 
But, 
ECD + ACE + ACB =180° (Angles on the straight line BCD) 
ABC + BAC + ACB =19¢ 


Example 1 


Prove that ABD = BCD based on the information in the figure. 
A 


D 


B Cc 


In the triangle BDC, 
BDC = 90° (Given) 
Also BDC +DBC+BCD = 180° (The sum of the interior angles of a triangle) 
90° + DBC+BCD = 180° 
DBC+ BCD =180°—90° 


=90° —— 0O 


In the triangle ABC, 


ABC = 90° (Given) 
Since ABC = ABD + DBC, 
ABD +DBC = 90° —— © 
By (1) and (2) 


DBC + BCD = ABD + DBC 
A 
By subtracting DBC from both sides 
BCD = ABD 
Example 2 


In the quadrilateral PORS, the sides PS and QR are parallel to each other. The bisectors of 
the interior angles P and Q meet at O. Prove that POOQ is a right angle. 


First let us draw the relevant figure. 


A 


Proof: Since PS//OR 


SPQ + PÔR = 180° (Allied angles) 
By dividing both sides by two 


1 1 180 . 
zSPO+5POR=-5 (Axiom) 


Since PO is the bisector of SPO and QO is the bisector of POR, 
I SPO =QPO and 


5 POR = POO 
OPO+POO = 90° 
In the triangle POO, 
POQ + OPO + POO = 180° (Sum of the interior angles of a triangle) 
POO +90 = 180° 
POO =90° 
POO is a right angle. 


Now engage in the following exercise which contains problems involving proofs. 


A D 
1. In the given figure, ACP = PBD. Prove that CAP = PDB. 
P 
2 B 
B 
2. In the given figure, the diagonal AC of the 
quadrilateral ABCD bisects the angles BAD and 4 
BCD. Prove that ABC = ADC. c 
D 
P 
: ee Q B 
3. In the given figure, AB and CD are parallel lines. 
The bisectors of the angles BOR and ORD meet O 
at O. 
G R | D 
(i) Find the value of OOR + ORO, S 
(ii) Prove that QOR is a right angled triangle. D 
A 
E 
4. Using the information in the figure 
(i) write down the magnitude of BAE , in terms ofa. 
(ii) write down the magnitude of BDC + DBC in terms 
of a. pA 


(iii) Show that BDC + DBC =2 BAE. 


5 In the triangle ABC, A = B = Ĉ . The bisector of BAC meets the side CB at D. 
(i) Find the magnitude of BAC. 
(ii) Prove that ABD is a right angled triangle. 


Miscellaneous Exercise 


1. f4 += 110°, and B+C= 120° in the triangle ABC, find the magnitude of 
each angle of the triangle. 


2. The magnitude of a BAC of the triangle ABC is 100°. The bisectors of the 
interior angles ABC and ACB meet at O. Find the magnitude of BOC, 


3. In the figure, the straight line drawn from the point A 
perpendicular to the side BA of the triangle 
ABC meets the bisector of ABC at P. Prove that 


BAC + ACB =2 APB . Low 
A 


B (© 


4. ACB =3 ABC in the triangle ABC. The bisector of BAC meets BC at E. The point 
D lies on AE produced such that AD -| BD. Prove that BC is the bisector of 


ABD (Hint: Take ABC =x and BAC =2a). 


5. The line PQ has been drawn through the point A, parallel to the side BC of the 
triangle ABC. Prove that the sum of the interior angles of the triangle ABC is 180°. 


Triangles II 


By studying this lesson you will be able to 


solve problems by applying the theorem on isosceles triangles and its converse. 


(0.1 Isosceles triangles 


If two sides of a triangle are equal, then it is called an isosceles triangle. The triangle 
ABC in the figure given below is an isosceles triangle. In this triangle, AB = AC. 
The angle in front of each side of a triangle is called the angle opposite that side. 
A 

The angle opposite the side AB is ACB. 

The angle opposite the side AC is ABC. 

The angle opposite the side BC is BAC. 

Further, A, which is the vertex at which the two equal sides meet 
F a is called the apex of the triangle. 


A theorem related to isosceles triangles is given below. 


Theorem: If two sides are equal in a triangle, the angles opposite the equal 
sides are equal. 


According to the theorem, since AB = AC in the above isosceles triangle ABC, 
ABC = ACB. Let us engage in the following activity to verify the truth of the above 
theorem. 


e Mark three points A, B and C (not collinear) such that AB = AC = 5cm. 
e Complete the triangle ABC by joining the points A, B and C. 

e Cut out the shape of the triangle ABC. 

e Fold the triangular shaped piece of paper so that AB and AC coincide. 

e Observe that ABC and ACB are equal. 


Now let us consider several problems that can be solved by applying the above 
theorem together with theorems that have been learnt previously. 


Example 1 


In the triangle ABC, AB = AC and ABC=50. A 
Find the magnitude of 
(i) ACB (ii) BAC 
B C 
(1) ACB = ABC (AB = AC, angles opposite equal sides in the isosceles triangle) 
"ACB = 50 
(ii) Since the sum of the interior angles of a triangle is 180°, 
BAC +ABC +ACB =180° 
“^ BAC + 50+50= 180° 
“. BAC =180° — (50° +50") 
= 180° —100° 
= 80" 
Example 2 


In the triangle ABC, AB = AC and ACB = 40°. The point D has been marked on the 
side BC such that AB = BD, and AD has been joined. Find separately the magnitude 
of each of the angles in the triangle ABD. 


First, let us draw the figure with the given information. 


A 
B IN C 
According to the figure, j 
ABC = ACB (Angles opposite equal sides in triangle ABC) 
“. ABC = 40° 
That is, ABD = 40° 
In the triangle ABD, 


BAD =BDA (AB = BD) 
ABD + BAD +BDA = 180° (The sum of the interior angles of the triangle ABD is 180°) 


40° +2 BAD =180° (Since BAD = BDA) 
2 BAD =180°— 40° 
2 BAD =140° 
BAD =70° 
BDA =70° (SinceBAD = BDA) 
The magnitudes of the angles of the triangle ABD are 70°, 70° and 40°. 


Do the following exercise by applying the theorem on isosceles triangles. 


1.Complete the following table by identifying all the isosceles triangles in the 
figures in each of the parts given below. 


Figure | Triangle | Pair of equal sides | Pair of angles opposite equal sides 
(i) POR PQ, RO OPR, ORP 
(ii) ACD AD, DC ACD, DAC 

ABC 
(iii) KLM 

LMN 
(iv) POR 

RST 
(v) ABD 

BCD 

ABC 

Gy (ii) D (iii) K 
A 
Q C 
L M 
R B 
i ve v 
(iv) Q um 
D 
R 
B C 
S 1 


2. In each of the following triangles, the magnitude of one of the angles is given. 
Separately find the magnitude of the other two angles. 


(i) 2 (ii) A (iii) * ' P 


B C B C 


Q 
3. Find the value of each of the angles denoted by an unknown in the following 


(ii) (iii) 


4. In a certain isosceles triangle, the included angle of the two equal sides is 110°. 
Find the magnitudes of the other two angles. 


5. The point O lies within the square ABCD such that 
AOB is an equilateral triangle. Find the magnitude of DOC. 


C 


6. In the triangle ABE, while A is an obtuse angle, AB = AE. The point C lies on BE 
such that AC = BC. The bisector of the interior angle CAE meets BE at D. 
(i) Illustrate this information in a figure. 
(ii) If ABC = 40°, find the magnitude of DAE. 


9.2 The formal proof of the theorem on isosceles triangles and 
applications of the theorem 


Let us formally prove the theorem “In an isosceles triangle, the angles opposite 
equal sides are equal”. 


Data : AB = AC in the triangle ABC 
To prove that: ABC = ACB 
Construction : Draw the bisector AD of the interior angle BAC such that it 
meets BC at D. A 
Proof: In the triangles ABD and ACD, 
AB =AC_ (Data) 


BAD = DAC (The bisector of BAC is AD) 
AD is common to both the triangles 


<. A ABD = A ACD (SAS) B L C 
Since the corresponding elements of congruent triangles are equal, 
ABD = ACD 
. ABC = ACB 


Now let us consider how several results on triangles are proved using the above 
theorem. 


Example 1 


AB = AC in the triangle ABC in the figure. 
Show that the following coincide. 
(i) The perpendicular drawn from A to BC. 
(ii) The bisector of the interior angle BAC. 
(iii) The straight line joining A and the midpoint of BC. 
(iv) The perpendicular bisector of BC. 


Let us first draw the perpendicular from the vertex A to the opposite side BC. 


Construction : Draw the perpendicular from A to BC. 
Proof : In the triangles ABD and ACD, 


(i) AB=AC (Data) 
ADB = ADC = 90° (Construction) 
AD is the common side 
<. AABD= A ACD (RHS) 
Since the corresponding elements of congruent triangles are equal, 
(ii) BAD = CAD 
i.e, AD is the bisector of BAC. 
(iii) BD = DC ( corresponding sides of congruent triangles) 
Therefore AD is the line joining A and the mid point of BC. 
(iv) ADB =ADC = 90° (construction) 
Also BD=DC 
Therefore, AD is the perpendicular bisector of BC. 


In an isosceles triangle, 


1. the perpendicular drawn from the apex to the opposite side 
2. the bisector of the apex angle, 
3. the straight line joining the apex to the midpoint of the opposite side and 
4. the perpendicular bisector of the side opposite the apex, 
coincide with each other. 


In some instances, a result in geometry can be proved in several ways. 
Now, let us consider such a result. 


Example 2 


AB = AC in the triangle ABC. The side BA has been produced to E. The angle CAE 
is bisected by AD. Prove that AD and BC are parallel to each other. 


E 


To prove that AD // BC, let us show that either a pair of alternate angles or a pair of 
corresponding angles are equal to each other. 


Proof: 

Method 1 

In the triangle ABC, ABC = ACB (AB = AC, angles opposite equal sides) 
Since the side BA of the triangle ABC has been produced to E, 


EAC =ABC + ACB (Theorem on the exterior angle) 
EAC =2ACB (ince ABC = ACB) D 
From the figure, EAC =EAD + DAC 


EAC =2DAC (Since AD is the bisector of EAC) ——— (2) 
2ACB =2DAC 
ACB = DAC 


This is a pair of alternate angles. Since a pair of alternate angles are equal, AD is 
parallel to BC. 


Method 2 

According to the above figure, ABC and EAD are a pair of corresponding angles. 
By showing that these two angles are equal in the same manner as above, we can 
show that BC // AD. 


Method 3 
The above proof could also be given as follows using algebraic symbols. 
In the triangle ABC, let ABC = x (1) 

ABC = ACB (Since AB = AC) 


ACB =x 
Since the side BA of the triangle ABC has been produced to E, 


EAC = ABC +ACB (Theorem on the exterior angle) 
EAC =x+x 
= 2x 
EAD = x (Since AD is the bisector of EAC) 
From (1) and (2), EAD = ABC 


(2) 


This is a pair of corresponding angles. Since a pair of corresponding angles are 
equal, AD//BC. 


Example 3 


In the triangle ABC, AB = AC. The points P and Q lie on the side BC such that 
BP = CQ. Prove that 

(i) A APB = AAQC 

(ii) APO = AQP 


A 


A P Q0 C 

Proof : In the triangles APB and ACỌ, 

AB = AC (Data) 

ABP =ACQ (Since AB = AC) 
BP = COQ (Data) 
~. AABP= A AQC (SAS) 
(ii) Since A ABP =A AOC, AP = AQ (Corresponding elements of congruent 
triangles) 

In the triangle APQ, 
APO = AOP (AP = AQ, angles opposite equal sides) 


Do the following exercise by applying the above theorem on isosceles triangles, 
and the other theorems learnt previously. 


1|: Based on the information in the figure, prove that 
ABC + ACD = 180 
B C D 
2 C In the figure, AB = BC and AD//BC. Prove that the bisector 
of DAB is AC. 
A B 


3. E ? In the given figure, ABC is a straight line. Provide 
oO answers based on the information in the figure. 
a a a (i) Find the value of BAE +BCD 
(ii) Show that DBE = 90° 


4. D is the midpoint of the side BC of the triangle ABC. If BD = DA, prove that 
BAC is aright angle. 


5.A4B = AC in the triangle ABC. The points P Q and R lie on the sides AB, BC and 
AC respectively, such that BP = CQ and BO = CR. 
(i) Draw a figure with this information included in it. 
(ii) Prove that A PBO= AORC. 
(iii) Prove that OPR = ORP. 
6. In the triangle ABC, B is a right angle. BD has been drawn perpendicular to AC. 
The point E lies on AC such that CE = CB. 
(i) Draw a figure with this information included in it. 
(ii) Prove that ABD is bisected by BE. 


7. Prove that the angles in an equilateral triangle are 60°. 


03 The converse of the theorem on isosceles triangles 


Let us now examine whether the sides opposite equal angles are equal for a triangle. 


r Activity 


70° 70° 

e Draw a line segment of length 5 cm and mark an angle of 70° at one end 
point using a protractor. 

e Draw an angle of 70° at the other endpoint of the line segment too. 

e — Produce the two sides of the angles that were drawn, until they meet. 

e Then a figure such as the above triangle is obtained. 

e Cut out the triangle and fold it such that the equal angles coincide. 

e Now identify the sides of the triangle which are equal. 

e What is the special property that can be mentioned about the sides opposite 
the equal angles of the triangle? 

e Draw several more triangles in the above manner, each time changing the 
magnitude of the equal angles, cut them out and see whether the above 


property is true for these triangles too. 
e Observe that the sides opposite equal angles of a triangle are equal to each 
other. 


e result that was obtained through the above activity is true in general and is 
given as a theorem below. 


Theorem (Converse of the theorem on isosceles triangles): 


The sides opposite equal angles of a triangle are equal. 


P 
According to the theorem, if POR = PRQ in the triangle POR, 
ó z then PR = PQ. 
Example 1 
A 


Find the equal sides of the triangle ABC in the figure. 


B 60) z 


In the triangle ABC, 
A+B+C = 180° (Sum of the interior angles of the triangle) 
A + 50°+ 80° = 180° 
A = 180° — (50°+ 80°) 
= 180° — 130° 
= 50° 
inp 


<. AC = BC (Sides opposite equal angles of a triangle) 


Example 2 
A 


Based on the information in the figure, show that AC = AD. 


Consider the triangle ABC. 
ACD = ABC + BAC (Exterior angle = sum of the interior opposite angles) 
= 60° + 25° 
= 85° 


Since CDE is a straight line, 
ADC + ADE = 180° (Adjacent angles on a straight line) 
ADC = 180° — 95° 
= 85° 
In the triangle ACD, 
ACD =85° 
ADC =85° 
ADC =ACD 
AC = AD (Sides opposite equal angles) 


Example 3 


In the square ABCD, the points P and Q lie on the sides AB and AD respectively, 
such that OPC = POC. Prove that BP = QD. 


A P B 

Q 

D C 
In the triangle POC, 


OPC = POC (Data) 
<. OC = PC (Sides opposite equal angles) 
In the triangles PBC and DOC, 
PBC = QDC = 90° (Vertex angles of the square) 
BC=DC (Sides of the square) 
CP = CQ (Proved) 
“. APBC=ADQC _ (RHS) 
Since the corresponding elements of congruent triangles are equal, 
BP =OD 


1. Select the isosceles triangles from the following figures, based on the information 


in each figure. 
Gy Gi) 4 (iii) P 
oo : D 
N 
B oa R 
(iv) * z V) p E (vi) 
C B - A P an 
N M A B € D 


2. If ABC = BCA = BAC in the triangle ABC, prove that it is an equilateral triangle. 


A 
3. AB = AC in the given triangle. The bisectors of the angles 
ABC and ACB meet at O. Prove that BOC is an isosceles 
triangle. 
B C 
A 


4. In the figure, AB = AC and BC//PQ. Prove that 


(i) AP = AO 
(ii) BP = CO r 3 


The point D lies on the side AC of the figure, such that 


S24 
BAD = DBA. Also ABC = 90°. Prove that, 
D (i) DBC = DCB 
(ii) D is the midpoint of AC. 
(oe 


B 


6. The bisectors of the angles B and C of the triangle ABC, meet at the point R. The 
points P and Q lie on AB and AC respectively such that PQ passes through R and 
is parallel to BC. Prove that, 

(i) PB = PR 
(ii) PO = PB + OC. 


7. In the triangle ABC, the point P lies on AC such that ACB = ABP. The bisector 
of PBC meets the side AC at Q. Prove that AB = AQ. 


8. In the quadrilateral PORS, PO = SR. The diagonals PR and QS which are equal 
in length intersect at T. Prove that, 
(1) APOR=ASOR 


(ii) OT = RT. 
9. 4 In the triangle ABC, AB = AC. The bisectors of ABC and 
AC B meet at O. AO produced meets BC at D. Prove that, 
(i) BOC is an isosceles triangle. 
(ii) AAOB= A AOC 
(iii) AD is perpendicular to BC. 
Š D € 


10. A circle of centre O is given in the figure. Show that 
BOC =2BAC 


Inverse Proportions 


By studying this lesson you will be able to 


solve problems related to inverse proportions. 


(Ratios 


Do the following exercise to recall the facts you have learnt earlier about ratios and 
direct proportions. 


Review Exercise 


1. 


Find the number suitable for the box, for each of the following to be a direct 
proportion. 

(i) 5:2=20: CN | Sts 

(i) 2 : 3 = 25 (iv) :4 =60: 80 


. The daily income earned by a vehicle used in a taxi service is Rs 8000, while 
the daily cost incurred by it is Rs 4500. Write the ratio of the daily income to the 
daily cost in its simplest form. 


. Ina certain scale diagram, an actual distance of 1000 m is represented by 2 cm. 
Express this scale as a ratio. 


. The gravitational force on earth is six times the gravitational force on the moon. 
Therefore, the ratio of the weight of an object on the moon to the weight of the 
object on earth is 1 : 6. How much would the weight of an astronaut be on the 
moon, if his weight on earth is 540 N. 


. To make a cement mixture, cement and sand are mixed together in the ratio 1 : 6. 

(i) What would be the fraction of cement in such a mixture? 

(ii) How many pans of cement are required for 18 pans of sand? 

(iii) A certain bag of cement contains 5 pans of cement. If it is necessary to make 
a cement mixture using the whole bag, how many pans of sand are required? 

(iv) Find separately the number of pans of cement and the number of pans of sand 
that are required to make 70 pans of the cement mixture. 


(10.1 Inverse Proportions 


We know that, when we consider two quantities, if when one quantity increases 
according to a certain ratio, the other quantity also increases in the same ratio, 
or when one quantity decreases according to a certain ratio, the other quantity 
also decreases in the same ratio, then the two quantities are said to be directly 
proportional to each other. 


In an inverse proportion, when one quantity increases according to a certain ratio, 
the other quantity decreases in the same ratio, or when one quantity decreases 
according to a certain ratio, the other quantity increases in the same ratio. 


Let us establish this fact further by considering the following example. 


In a certain hostel, there is sufficient food stored for 12 hostellers for 4 days. 
Keeping this amount of food in mind, let us consider the following questions. 
(i) If the number of hostellers is 15, will the food be sufficient for four days? 
(ii) If the number of hostellers is 6, for how many days will the food be sufficient? 
(iii) When the number of hostellers decreases, does the number of days for which 
the food is sufficient decrease? Or does it increase? 
(iv) For how many days will this food, which is sufficient for 12 hostellers for 
4 days, be sufficient for one person? 


It is clear that the food which is sufficient for 12 people for 4 days will be sufficient 
for 6 people for 8 days, and for one person for 48 days. The following relationships 
between the number of hostellers and the number of days for which the food is 
sufficient can easily be identified. 


Number of hostellers Number of days 
12 4 
© 
6 8 
4 12 
© 2) 
1 48 


Let us see how the two quantities, namely the number of hostellers and the number 
of days for which the food is sufficient change proportionally. According to the 
above chart, when the number of hostellers decreases from 8 to 2, the number of 
days for which the food is sufficient increases from 6 to 24. 


In this case, the ratio of the number of hostellers = 8 :2=4: 1 
The number of days for which the food is sufficient in this case has increased from 
6 to 24. 

The ratio of the number of days = 6: 24=1:4 


Although the ratio 1 : 4 is not equal to the ratio 4 : 1, the ratio that is obtained by 
interchanging the two numbers of one ratio is the same as the other ratio. 


Then, 
the ratio of the number of hostellers = 8:2 = 4:1 
the ratio of the corresponding number of days interchanged = 24:6 = 4:1 


A relationship such as the above one between the number of hostellers and the 
number of days for which the food is sufficient is called an inverse proportion. 


Let us consider two more instances of the relationship between the number of 
hostellers and the number of days for which the food is sufficient. 


Number of hostellers Number of days 
12 4 
1 48 


Ratio of the number of hostellers = 12 : 1 
Ratio of the corresponding number of days interchanged = 48 : 4 = 12: 1 


The inverse proportion relationship should hold for any two cases that are considered, 
in the same manner that was observed in the above cases. 


Two more examples of inverse proportions are given below. 
(i) The number of people required to complete a particular task and the amount of 
time taken to complete the task. 
(ii) When a vehicle travels a constant distance with uniform speed, the speed of the 
car and the time taken to complete the journey. 


Now, let us consider the following example. 


It takes 5 men 8 days to complete a certain task. Find the number of days required 
by 10 men to complete the same task. 


Let us look at two methods that can be used to solve this problem. 
Note that this is a problem on inverse proportions. 


Method 1 
Let us take the number of days required by 10 men to complete the task as x. Then, 


Number of men Number of days 
5 8 
10 x 
Since this is an inverse proportion, 
5:10 =x: 8 
5 x 
10 8 
10x=8 x 5 
= 40 
ee 
10 


<. The number of days required by 10 men to complete the task = 4- 


Method 2 
Time taken for 5 men to complete the task = 8 days 
Time taken for one man to complete the task = 8 days x 5 
= 40 days 
Time taken for 10 men to complete the task = 40 days + 10 
= 4 days 


Note: In the above example, the number of days taken by one man to complete the 
task, which is 40, can be taken as a measurement of the magnitude of the task. This 
value is called the number of man days. 


Magnitude of the task = Amount of time required by one man to complete the task 
= Number of men x Number of days 

Accordingly, the magnitude of the above task can be considered as 40 man days. 

The magnitude of a task can be measured in terms of man days as well as in terms 

of man hours. 


It takes 5 men 8 days to complete a certain task. How many men are required to 
complete the same task in 2 days? 
Let us use method (11) of example 1. 
The number of days required by 5 men to complete the task = 8 
<. The number of days required by one man to complete the task = 8 x 5 
<. The magnitude of the task = 8 x 5 man days 


= 40 man days 
<. The number of men required to complete the task in 2 days = 40+2 
= 20 


Example 3 


Food sufficient for 12 days for a group of 40 men employed at a worksite has been 
stored at the site. If 8 more men join the workforce after 6 days, for how many more 
days will the food that is remaining be sufficient? 

Let us now consider how this problem is solved by two different methods. 


Method 1 
Amount of food sufficient for 40 men for 12 days = 40 x 12 
= 480 
Amount of food sufficient for 40 men for 6 days = 40 x 6 
= 240 
Amount of food remaining = 480 — 240 
= 240 
Number of days this food is sufficient for 48 men = 240+ 48 
= § days 


Let us now see how this sum can be solved algebraically. 
Method 2 


The food which is sufficient for the group of 40 men for 12 days will be sufficient 
for the 40 of them for 6 days and for a few more days for the 48 men, which 
includes the 8 who joined later. 


Let us take the number of days for which the food will be sufficient for the 
48 men after the 6" day as x. We can then equate the amount of food sufficient for 
the 40 men for 12 days to the sum of the amount of food sufficient for the 40 men 
for 6 days and the 48 men for x days. 


40 x 12= (40 x 6)+(48 x x) 
480 = 240 + 48x 
48x = 480 — 240 
= 240 
_ 240 
48 


=5 


. Therefore, the remaining food will be sufficient for 5 days. 


Exercise 10.1 


1. For each of the situations described below, select the suitable answer from (a), 
(b) and (c) and write it within the brackets next to it. 


(a) Is nota proportion (b) Is a direct proportion (c) Is an inverse proportion 


(i) The number of soldiers in a camp and the amount of food stored for their 
consumption (....... ) 

(ii) The radius of a circle and its area (....... ) 

(iii) The distance travelled by a vehicle travelling at a uniform speed and the time 
taken for the journey (....... ) 

(iv) The length and breadth of a rectangle of constant area (....... ) 

(v) The amount of sugar bought at a store by a person and the amount paid for it 


2. It takes 8 men 9 days to complete a certain task. 
(i) How many days will it take one man to complete the same task? 
(ii) What is the magnitude of the task in man days? 
(iii) If 12 men are assigned the task, how many days will it take them to complete 

the task? 

3. A land owner estimates that it would take 10 men 8 days to clear his land. He 

hires 12 men for the initial two days. 
(i) What is the magnitude of the task in man days? 
(ii) How much of the task will be completed during the first two days? 
(iii) If the landowner wishes to get the task done in 6 days, how many more men 
should he employ for the next four days? 


4. In a certain farm there was sufficient food for 12 cattle for 10 days. After two 
days another four cattle were bought and brought to the farm. 
(i) For how many days is the food in the farm sufficient for one of the cattle? 
(11) What is the reduction in the number of days for which the food is sufficient, due 
to the increase in the number of cattle? 


5. Food sufficient for 24 trainees for 8 days was stored at a certain training camp. 
However, two days after the camp commenced, 6 of the trainees had to leave the 
camp due to illness. Show that the remaining food is sufficient for 2 extra days 
than was initially planned. 


6. A particular tank of water can be emptied in four hours using three equal 
pumps. The three pumps were used to empty the tank. However one pump 
stopped working after an hour. Thereafter, the tank was emptied using the other 
two pumps. Find how much more time was required to empty the tank due to 
breakdown of one pump. 


7. It takes half an hour for a certain vehicle travelling at a speed of 40 kmh”! to 
complete a certain journey. Find the time in minutes that it would take the 
vehicle to complete the same journey, if it travels at a speed of 50 kmh". 


8. Four men who were given the responsibility of completing a task were able to 
finish only z of it by working 6 hours a day for 3 days. 


(Hint: Man hours = no.of men x no.of days x no.of working hours per day) 

(i) What is the magnitude of the task in man hours? 

(ii) The four men decide to complete the task on the next day. How many hours 
will they have to work to achieve this? 


( 10.2 Representing inverse proportions algebraically 


If it takes eight men one day to complete a certain task, then 

e four men would require two days to complete the same task 

e if only two men are engaged, four days would be required to complete the task 
e it would take one man eight days to complete the task 


Observe that in all four of the above situations, the product of the number of men 
and the number of days is a constant. That is, 


number of men x number of days = a constant 


This constant value is the magnitude of the task. The unit used to measure the 
magnitude of the task can be taken as man days. 
Accordingly, if x is the number of men and y is the number of days, then 

xy= k (k a constant) 


_k -E 
X =y ory=y 


According to the definition of direct proportion, this can be expressed as x oc a 
y 
That is, x and + are directly proportional to each other. In this case we say that x 


and y are inversely proportional to each other. 


8 men can complete a certain task in 9 days. However, it was possible to employ 
only 6 men. How many days will it take these 6 men to complete the task? 


Let us denote the number of men by x and the number of days by y. Then, by using 
the equation xy = k and substituting the data, we obtain the equations, 


8x 9 = kand 
6y =k 
Note that we can use the same constant k as we refer to the same task. 
Since it is the same task, the constant k is the same. 
Substituting for k, we obtain the equation 


8x9=6y 
i.e., y = da 

6 

=12 


Therefore, it will take these 6 men 12 days to complete the task. 


A group of men, who completed a certain task in 9 days, recruited 3 more men to 
work on a similar task. If together they completed the task in 6 days, find how many 
men there were in the initial group. 

Suppose the number of men who were in the first group is x. 

Then, according to the data, we obtain the equations, 


xx9=k and 
(x +3)x6=k 
From these we obtain 
9x =6(x +3) 
9x =6x +18 
3x =18 
x =6 


Therefore, the number of men in the initial group was 6. 


Solve the sums in the exercise given below algebraically. 


Exercise 10.2 


1. It took 5 men 4 days to complete a certain task. How many days will 4 men 
require to complete the task? 


2. It was necessary to engage 9 men for 4 days, at 5 hours per day to clear a certain 
land. How many men working 6 hours per day can complete the same task in 10 
days? 


3. A certain task can be completed in 6 days by 18 men. It is expected to complete 
another task which is twice the size of the initial task in 9 days. 
Find how many men are required to complete the second task in 9 days. 


Data Representation 


By studying this lesson you will be able to 
e draw pie charts based on the given data 
e extract information from a pie chart 


(1.1 Representing data in pie charts 


The information gathered from the grade 10 students of a certain school regarding 
the sport they like the most, of the three sports, namely cricket, volleyball and elle 
is given below. 


Sport Number of students 
Cricket 25 
Volleyball 20 
Elle 15 


The above information can be represented in a picture graph and a column graph 


as follows. 

30 
i e e e e e 2 25 

Cricket TEET £ 
iu uv ud E 20 

n 
Volleyball hana k 15 
E wv tl 2 10 
Elle hag BS 
i ou dl ô 


Cricket Volleyball Elle 


D Sport 
Scale: 5 students are represented by į] 
Picture graph Column graph 


The height of each column in the column graph denotes the number of students who 
like the relevant sport. In the picture graph this is denoted by the figures. 


The pie chart is another method of representing data. Pie charts are also called pie 


graphs. 


In a pie chart, the area of the whole circle represents the total number of data. The 
different frequencies are represented by suitable sectors. 


Let us now consider how these sectors are found. 


As an example, let us consider the above circle which has been divided into 8 equal 
sectors. 
Since the circle has been divided into 8 equal sectors, the area of each sector is 


equal to g ofthe area of the circle. 
Also, the angle around the centre of this circle is divided into eight equal parts by 
the sectors. 


s1 
Therefore, the angle at the centre of each sector is g of the angle around the centre. 
The angle around the center is 360°. Therefore the angle at the centre of each sector 
is - of 360°. 


That is, the angle at the centre of a sector which is l ofthe circle = t x 360° 
= AD 
o. cs ‘nage =23x360° 
Similarly, the angle at the centre of the sector which is 8 of the circle ~ 9” 
= 135° 


Now let us draw a suitable pie chart to represent the data in the above table. 
First, let us draw a circle of suitable radius (about 3 cm.) 


Let us represent the 60 students by the total area of the circle, which corresponds to 
the angle of 360° around the centre of the circle. 


; 1 
Then the angle at the centre of the sector which denotes one student. = 360° x a 


=E 


Sector denoting one student. 


Accordingly, the angle at the centre of the sector which ) _ 360° x 25 
denotes the 25 students who like cricket the most } 60 


= 6° x25 


Now let us represent this within the circle as follows ~ ei 


The sector which denotes the 
students who like cricket the most 


Similarly, the angle at the centre of the sector which \ = 360° x 20 
denotes the 20 students who like volleyball the most 60 
= 120° 
The remaining sector of the circle represents the students who like elle. The 
corresponding angle at the centre can be found using 360° . However this is not 


necessary, since this angle is equal to the angle obtained by subtracting the above 
two angles from 360°. All the above facts can be shown in a pie chart as follows. 


C Cricket 
Volleyball 
\ Elle 
120° | = 
L] Volleyball 


Usually the angle at the centre is not denoted in a pie chart. Instead, the value 
represented by each sector is given as a percentage. 


The comparison of data is facilitated by the sectors being shaded in different colours 
or covered with different patterns. Since all the data is represented by one circle 
comparisons such as ‘more than’ or ‘less than’ can easily be made. 


Example 1 


The information on the type of lunch packet preferred by 600 people who participated 
in a ‘Shramadana’ is given below. 


Type of lunch packet | Number of people 
Fish 250 
Egg 150 
Chicken 75 
Vegetable 125 
Total 600 


Let us represent the above information in a pie chart. 


The angle at the centre of the sector denoting the 


o. 250 
250 people who prefer fish} = 360 “600 
= 150° 

The angle at the centre of the sector denoting the, _ 360° „150 
150 people who prefer eggs } 600 

= 90° 
The angle at the centre of the sector denoting the L = 360° x! 
75 people who prefer chicken 600 

= 45° 


It is not neccessary to calculate the angle at the centre of the sector denoting those 
who prefer vegetables since the remaining portion of the circle denotes this. 
The pie chart prepared according to the above information is given below. 


C] Fish 
Al = 
ae Chicken 

|] Vegetables 


Exercise 11.1 


1. There are 40 children in a certain class. Each of these children has selected either 
dancing, music or art as their aesthetic subject. 20 of these children are studying 
art while 15 are studying music. The rest are studying dancing. Represent the 
above information in a pie chart. 


2. The following table provides information on the subject streams followed by 
the students in the advanced level classes of a certain school. 


Subject Stream Number of students 
Arts 45 
Science 20 
Commerce 25 
Technology 30 


Draw a pie chart to represent the above information. 


3.The number of newspapers that were sold at a newspaper stall on a certain day 
of the week was 540. The number of Sinhalese papers sold was 210 while the 
number of Tamil papers sold was 150. The rest of the papers that were sold were 
English papers. Represent this information in a pie chart. 


(1.2 Extracting information from a pie chart 


Example 1 
Education 
Recreation 
Sports 
[=] Advertisements 


The above pie chart illustrates how a certain TV channel which telecasts programmes 
18 hours a day, has divided its telecasting time between its programmes. 


Let us answer the following questions by extracting the required information from 


the pie chart. 


(i) For which type of programme has the most amount of time been allocated? 
(i1) For which type of programme has the least amount of time been allocated? 
(iii) (a) What is the magnitude of the angle at the centre of the sector which 
denotes the time allocated for educational programmes? 
(b) Write the time allocated for educational programmes as a fraction of the 
total telecasting time. 
(c) How much time has been allocated for educational programmes? 
(d) Represent in the simplest form, the ratio of the time allocated for educational 
programmes to the time allocated for recreational programmes. 
(iv) (a) Ifthe time allocated for sports is 3 hours find the angle at the centre of that 
sector allocated for sports. 
(b) Find the time allocated for advertisements. 


(i) The largest sector of the pie chart represents the time allocated for 
recreational programmes. 
Therefore, the most amount of time has been allocated for recreational 


programmes. 
(ii) The smallest sector of the pie chart represents the time allocated for 
advertisements. 
Therefore, the least amount of time has been allocated for advertisements. 
(iii) = a) 90° 
b) Angle at the centre of the sector which denotes the 
time allocated for educational programmes = 90° 
Angle at the centre representing the total telecasting time = 360° 
The time allocated for educational programmes = 390 
as a fraction of the total telecasting time 360 
1 
4 
(c) Time allocated for educational programmes 18x Hours 
= 4— hours 


(d) The angle at the centre of the sector which denotes the time 
allocated for educational programmes 

The angle at the centre of the sector which denotes the time 
allocated for recreational programmes 


The ratio of the time allocated for educational programmes 
to the time allocated for recreational programmes 


“w YH 
I 
z 
=] 


(iv) (a) Time allocated for sports as a fraction of the total time = = = = 
The angle of the the sector which denotes sports = 360° x = 
= 60° 


(b) Angle at the centre of the sector which 


denotes advertisements }- 360°— 180° — (90° + 60°) = 30° 


Time allocated for advertisements = a x3 = IS hours 


Example 2 


The following pie chart illustrates the information on the types of crops cultivated 
on a certain plot of land comprising of 720 hectare. 


Rubber 
Tea 
— | Coconut 


e | Cinnamon 


SOS 


Answer the following questions using the pie chart. 
(i) Which crop has been cultivated in the greatest extent of land? 
(11) Which crop has been cultivated in the smallest extent of land? 
(iii) What is the extent of land on which tea has been cultivated? 
(iv) What is the extent of land on which cinnamon has been cultivated? 
Answers 
(1) Rubber 
(ii) Cinnamon 
(iii) The angle at the centre of the sector denoting 


; : = 100° 
the extent of land on which tea has been cultivated 
The extent of land on which tea has been cultivated  _ 100 x 720 hectare 
360 
= 200 hectare 
(iv) The angle at the centre of the sector denoting = 360°— (100° + 150° + 90°) 
the extent of land on which cinnamon has been 
cultivated } = 360°— 340° 
= 20° 
20 


The extent of land on which cinnamon has been cultivated = T x720 hectare 


40 hectare 


Exercise 11.2 


1.The pie chart drawn with the information gathered from 40 grade 10 students of a 
certain school regarding the type of mass media they most prefer is given below. 


se: Newspaper 
fee! Radio 


Television 


Answer the following questions using the pie chart. 


(i) Which type of mass media is preferred by the greatest number of children? 
(ii) Which type of mass media is preferred by the least number of children? 
(iii) If the angle at the centre of the sector which denotes the children who prefer 
television is 162°, find the number of children who prefer television. 
(iv) If the angle at the centre of the sector which denotes the children who prefer 
newspapers is 90°; find the number of children who prefer newspapers. 


2. The following pie chart illustrates the information on the number of patients who 
received treatment from the different units of a hospital on a certain day. The total 
number of patients who received treatment at the hospital on that day was 600. 


ò 
A wi? 
No 
o` 


KO 


(i) From which unit did the most number of patients receive treatment on that 
day? 

(ii) If the angle at the centre of the sector denoting this unit (the unit in (i)) is 
150°, how many patients received treatment from that particular unit on that 
day? 

(iii) If the number of patients who received treatment while being hospitalized 
is 130, find the angle at the centre of the sector which denotes these patients. 


3. The tickets printed for a drama were valued at Rs 1000, Rs 500 and Rs 200. The 


following pie chart illustrates the number of tickets of each type that was sold. 
Rs 1000 tickets 


Rs 200 tickets 


Rs 500 tickets 


(1) Of what value were the tickets that were sold the most? 


(ii) What fraction of the total number of tickets sold is the number of Rs 500 
tickets sold? 


(iii) The number of Rs 1000 tickets that was sold was 140. If the angle at the 


centre of the sector that denotes the number of Rs 1000 tickets that was sold 
is 70°, find the number of Rs 200 tickets that was sold. 


(iv) What was the total income that was received by selling the tickets? 


Miscellaneous Exercise 


1. A certain central school has classes from grade 1 to the advanced level. There 
are 600 students in grades 1 to 5 and 500 students in grades 6 to 11. The number 


of students in the advanced level classes is 340. Represent this information in a 
pie-chart. 


2. The information gathered from the employees of a certain factory with the aim 
of providing transport is given below. 


Mode of transport Number of employees 
Walking 110 
Cycling 100 
By bus 690 


Represent this information in a pie chart. 


3. The sum of the water, electricity and telephone bills of a certain household for 
the month of January was Rs 2700. The electricity bill was Rs 1440 and the water 
bill was Rs 750. Represent the above information in a pie chart. 


4. A certain welfare society decided to select one of the following three cities, 
Polonnaruwa, Anuradhapura, Kandy as the destination of their annual trip. or 
the members expressed their preference for Polonnaruwa. while 36 members 
preferred Kandy and the remaining 54 preferred Anuradhapura. 

(i) How many members did the welfare society have? 
(ii) Represent the above data in a pie chart. 


5. The following pie chart illustrates the number of votes received by four parties at 
an election. The party which received the most number of votes received a total 
of 9300 votes. 


(i) How many votes in total did all four parties receive? 
(ii) How many votes in total did the party in third position receive? 
(iii) Express the number of votes that the party in fourth position received as a 
fraction of the total number of votes. 
(iv) Using the pie chart, write down the number of votes that the party in second 
position received as a percentage of the total number of votes. 


6. The pie chart given below illustrates the information gathered from the members 
of a sports club regarding the indoor sport they like the most. 


nol Grew 


Carrom 


Draughts 


Table Tennis 


The number of members who like chess the most is 8. 
According to the pie chart, 
(i) which indoor game is liked the most by the greatest number of members? 
(ii) how many members like carrom the most? 
(iii) how many members like table tennis the most? 


Least Common Multiple of Algebraic Expressions 


By studying this lesson you will be able to 
find the least common multiple of several algebraic expressions. 


(Finding the least common multiple of numbers 


The least common multiple (LCM) of several whole numbers is the smallest number 
which is divisible by all these numbers. You have learnt earlier how this is found. 
Let us recall what you have learnt. 


Let us find the least common multiple of the numbers 6, 8 and 12 by writing these 
numbers as a product of their prime factors. 


6 =2x3  =2'x3! 
8 =2x2x2 =2 
12 = 2x2x3 =2’?x3 
The distinct prime factors of the above three numbers are 2 and 3. When all three 
numbers are considered, 
the greatest power of 2 = 2? 


the greatest power of 3 = 3! 
<. The least common multiple = 2? x3 
=24 
Accordingly, the least common multiple of several numbers can be found in the 
following manner. 
1. Write each number as a product of its prime factors. 
2. From the factors of all the numbers, select the greatest power of each prime 
number. 
3. By multiplying all these powers together, obtain the required LCM. 


Review Exercise 


1. Find the least common multiple of each of the following triples, by writing each 
number as a product of its prime factors. 
(i) 12,18, 24 (ii) 6,10, 15 (iii) 20, 30, 60 
(iv) 8, 12, 24 (v) 24, 36, 48 


2. Anice-cream producing company has three ice-cream vans. The three vans arrive 
at the housing complex “Isuruvimana” once every 3 days, once every 6 days and 
once every 8 days respectively. If all three vans arrived at “Isuruvimana” on a 
certain day, after how many days will they all arrive at this housing scheme again 
on the same day? 


3. Mr. Gunatillake visits Galle Face grounds every Sunday evening to observe the 
setting of the sun. Mr. Mohamed and Mr. Perera too visit the same location once 
every 6 days and once every 8 days respectively for the same reason. If the three 
of them met each other for the first time in Galle Face grounds on Sunday the 8th 
of December 2013, after how many days did they all meet each other again at the 
same location? On which date did they meet again? 


4. When a number is divided by each of the numbers 5, 6 and 7, a remainder of 1 is 
obtained. Find the smallest such number. 


( 12.1 Finding the least common multiple of algebraic terms 


Now let us consider what is meant by the least common multiple of several algebraic 
terms and how it is found. 

Let us find the least common multiple of 4a’, 6ab and 8b. 

Let us write each term as a product of its factors. 


4a’ =2x2xaxa =} xa 
6ab =2x3xaxb =2'x3'xa'xb' 
8b =2x2x2xb=2>xB 


The distinct factors of these algebraic terms are 2, 3, a and b. 
The largest power of 2 is 23 
The largest power of 3 is 3! 
The largest power of a is a’ 
The largest power of b is b! 


n. LCM =2?x3xa’ xb 
=24a*b 


powers of all the distinct factors of the given algebraic terms. 


( he least common multiple is obtained by taking the product of the a 


Exercise 12.1 


1. For each of the following parts, find the LCM of the given terms. 


(i) xy, xy? (ii) ab, ab? 
(iii) 6, 3a, 8b (iv) 24, 8x, 10x? 
(v) 4m, 8mn, 12m? (vi) 6p, 4pq, 12pq? 
(vil) 4, 6x°y, 8y (viii) mn, nm, nm? 
(ix) ab, 4a’b, 8a°b? (x) 5xy, 10xy, 2337 


12.2 Finding the least common multiple of algebraic expressions which 
include binomial expressions 


Let us find the least common multiple of 2x + 4 and 3x- 9. 


To find the LCM of such expressions, their factors need to be found first. 
2x+4= 2 (+ 2) 
3x- 9 = 3 œx- 3) 
The distinct factors are 2, 3, (x + 2) and (x — 3). The index of each of these factors 
is 1. 
The product of the largest powers of these factors =2x3x(x+2)x(x —3) 
LCM = 6(x+2)(x —3) 


Example 1 


Find the least common multiple of 15x’, 20 œ + 1), 10 œ +1? 
152 =3x5x x? 

20(x+1)=2x2x5xaxtlh=2?x5x(xtl) 

10 (x + 1% =2 x 5x (x +1? 

The distinct factors are 2, 3, 5, x and (x + 1). 

“ LCM =2?x3x5xx?(x+1)’ 


= 60x7(x +1)? 
Example 2 
Find the least common multiple of the algebraic expressions (b — a), 2(a — b) and 
4a’ (a-b? 
(b-a) =(-1)x(a—-b) 
Ma=byS2KG@=)) Since (a — b) is a factor of two of 


these expressions, it is necessary to 


4a°(a—b) =2 x2 xa’ x(a —by’ express (b — a) as — (a — b). 


=? xa*x (a-b)? 


The distinct factors are 2, (—1), a and (a — b). 
.. The product of the largest powers = 2° x (—1)xa’x (a—by 
<. LCM =—4a’(a—by 


Note: Knowing that although a—b =-(b — a), we have (a — bY = (b — a¥ , facilitates 
problem solving. 


Exercise 12.2 


1. Find the LCM of the algebraic expressions in each of the following parts. 


a. 3x +6, 2x-4 ly Bare ta, syersr IP 

c. p—4,8-—2p dese s) 20s): 

e. 3x, 15(x + 1), 9x- 1) f. a’, 2(a— b), (b-a) 

g. 3(x— 2), 58 —x), (x — 2)x- 3) h. 3x, 15(x — 3), 6(x — 3)? 

i. (t-1), 1-2 j- 2a—4, 12(a— 2), 8(a + 2)(2 — a} 


12.3 Finding the least common multiple of algebraic expressions, 
described further 


(a) When there is a difference of two squares 
Example 1 


Find the least common multiple of the algebraic expressions 2x — 6, 4x (x — 3} and 
6 (x? — 9) 
2x —6 =2 (x —3) 
4x (x-3 =2x2xxx(x-3/ 
6(x°-9) =2 x 3x (x-3)(*+3) 
The distinct factors are 2, 3, x, (x — 3) and (x + 3) 

J“. LCM =2? x 3xxx(x+3) x %—3/) 

= 12x (x + 3) (x — 3) 


(b) When there are trinomial quadratic expressions 
Example 2 


Find the least common multiple of the algebraic expressions 3 (x + 2)’, x? + 5x + 6, 
and 2x° + 7x +3 
3(xt+2~P=3x@wr2yP 
or Se +6 = (x +2)(x +3) 
I + 7x +3 = (x + 3) (2x +1) 


The distinct factors are 3, (x + 2), (x + 3) and (2x + 1) 
“ LCM =3 (x +3) 2x+1) x +2ọF 


Exercise 12.3 


1. Find the LCM of the following algebraic expressions. 


a. 3(x— 2), (x? - 4) b. 6(x-— 1), 2x (x? -1) 

c. 3x —9, 4x (x — 3),(x?- 9) d. (a-b), (a’—b’) 

e. pp -q), Pq P- 9’) D Ea a oe 1) 

g. x°— 8x + 15, 2x7- x -15 h. x? 4, 3x?-— 5x —2, 3x?- 9x l 
i. m?—5m+ 6, m?—2m—3 je xX- a,x- ax, xX -— 2ax +a? 


Algebraic Fractions 


By studying this lesson you will be able to 
simplify algebraic fractions with unequal denominators. 


( Algebraic Fractions 


Given below are several examples of algebraic fractions. 


x 2xtl 3 e441 


4° x+3 ° 1+6y’ x°-3x 


There are algebraic expressions in the numerator, the denominator or both the 
numerator and the denominator of each of these algebraic fractions. 


Do the following exercise by applying what you have learnt earlier about adding 
and subtracting algebraic fractions. 


Review Exercise 


Simplify the following algebraic fractions. 


@%+4 aH 4 eS Git +o4 4 
Se oo o ee 
Simplify 

Z m — 


x and i are the two terms in the denominators of 4 2 and _3_ respectively. Since 


they are unequal, the two fractions cannot be added ares Therefore, let us 
first write equivalent fractions that have a common denominator and then do the 


simplification. 
That is 
jp BCs SB 
‘x 2x xx2 2x 
a 
2x 2x 
aan 
2x 


Here 2x is the denominator of the equivalent fractions. Observe that 2x is the least 


common multiple of the denominators (x and 2x) of the given two fractions. 
Now consider the following algebraic fractions which have been simplified in a 
similar manner. 


Example 1 Example 2 Example 3 
E a D 
T OT 3x Ay? 4a z 2b 
3bx3b° 2a k Maa 64b 
5x4 3x3 2 = eee 
= eae aa E E Sn Gn 
3ax4 4ax3 3x x 4y? Ay*x3x f i : 
9b 6a°b 
eee Rey ey ~ Dab? On + Tab? 
12a 12a 2x? = 12x? 
ll _ 9b° + 8a’ + 6a’b 
aen bey lS 7 Dab? 
12a 7 12xy? 
Exercise 13.1 
1. Simplify the following algebraic fractions. 
Seely es ORRON Lal 
H ` 4a 2a i a a 
a e Meee ee Se ade, 
y d Imoo m 3a z dy oe 2y Ls m | 3m 
Ë g Íl 3 3n 4 3 Sed 
. 2-2 . — + > E = -— += 
a oe ee bee arn 


3.2 Simplifying algebraic fractions with unequal binomial expressions in the 
denominators 


C 


As was done in 13.1 above, here too the LCM of the algebraic expressions in 
the denominators is first found and the simplification is done after the equivalent 
fractions with a common denominator are found. 


Example 1 
Simplify l + l 
(p+1) (p+5) 
Since the LCM of (p +1) and (p+5)is(p+1) (p+5), 
1 4 1 B (p+5) P (p+1) 


(p+1) (p+5) ~ (p+l)(p+5) (p +1) (p+5) 


_ (p +5) +(p+1) 
(p+1) (p+5) 


B 2p+6 
(p+1) (p+5) 
2(p+3) 
(p+1)(p+5) 
Example 2 
4 3 
xXx+3 x+4 
_ 4 (x+4) 3(x+3) Since the LCM of (x«+3) and 
(x+3)(x+4)  (x+3)(x+4) (+4) is (x+3)(x+4) 
4 (x+4)-3(x+3) 
7 (x+3)(x+4) 
4x+16-3x-9 
E (x+3)(x+ 4) 
x+7 
~— (x+3)(x=+4) 


When there are quadratic expressions in the denominators, they have to be first 
written in terms of their factors, and then the simplification needs to be done as 
above by finding the LCM of the denominators. 


Example 3 Example 4 

1 1 TE 2 
(+2) "(x —3x—10) (x-1) (x41) (x-1) 

>t Gy 6 ee 
= E a x-1)(x+1 x-1)(x+1 x-1)(x+1 
ie ile _ x+14+3x-3-2 
pes ais Rl (x-1)(x+1) 
(x+2)(x=5) 7 4x—4 

x=4 E (x-1)(x+1) 


(x+2)(x-5) i 
BA) 


Exercise 13.2 


Simplify the following algebraic fractions. 


1 2 
CUE =a 
a a+2 
be 
af xt+l 
é 1 n 2 
x+l x+3 
d. 54 - 
x4+3 
5 1 


f 8 3 
x+5 5-—x 
(B) a. x+3 1 
l Hil 
b t-1 1 
fil | 
1 1 
x+1 (x+1) 
d. 1 n 1 
an3 =a 
1 1 
e. 
x+3 Be ove (5 


2 3 
+ + 
x+5 x—2 x 
2 S 3 
1-x S-x 
3 2 
+ 
2(y-2)  3(y-2) 
1 7 2 
m-3 2m-1 
3 7 2 
x—6 2x%—9 
4 2 


f 3 Z 1 
x x2 x76 
4 2 
8: 2 ja 2 
pt+p-6 p+5p +6 
h. 1 1 
TARTA (x—2)(x+2) 
: 3 1 
lb = h a 
a@ +5a+6 a+ 4a+3 
1 1 


+ EM 
2441 atoat2 


By studying this lesson you will be able to 


Percentages 


e identify different types of taxes and solve related problems 
e solve problems on simple interest. 


Do the following exercise to recall what you have learnt so far about percentages. 


Review Exercise 


1. Complete the table by writing a suitable value in each empty box. 


Fractional Decimal | Percentage 
form form form 
Ay 0.5 502 

2 
3 0.6 
5 
0.8 80% 
i 25% 
4 
0.06 
8% 


2. Represent as a percentage. 


(i) Rs. 50 as a percentage of Rs. 200 (ii) 25 cents as a percentage of one rupee 
(iv) 50 g as a percentage of | kg 


(iii) 8 cm as a percentage of 2 m 
(v) 300 m/ as a percentage of 1 / 


3. Find the quantity. 


(1) 60% of Rs. 500 (ii) 20% of 250 km 


(iv) 3% of 2 / (v) 15% of 1 kg 


(vi) 15 students as a percentage of 40 students 


(iii) 25 % of 24 hours 
(vi) 12% of 1.5m 


The government of each country collects money from its citizens to meet recurrent 
expenses. This money is called taxes. Different types of taxes are collected in 
different ways and in varying amounts. The method that is used most to collect 
taxes is charging a percentage of the amount involved. Taxes that an individual has 
to pay directly to the government are called direct taxes. Several types of direct 
taxes are given below. 

e Rates 

e Customs duty 

e Income tax 


Taxes that are not charged directly are called indirect taxes. Value added tax (VAT) 
is one such tax that is charged at present. 


Rates 


Rates are taxes charged by urban councils, municipal councils, provincial councils 
etc., from households and businesses that come within their administrative domain. 
These taxes are used for various purposes such as the maintenance of roads and 
street lights, garbage collection and disposal etc. Properties owned by individuals 
and businesses are assessed annually by the government, and the relevant council 
charges a percentage of the assessed annual value of the property as rates. This 
is calculated annually and can be paid in total at the beginning of the year, or in 
4 equal quarterly installments once every three months. 


Example 1 


A house of assessed annual value Rs. 36 000 is charged annual rates of 4%. Calculate 
the rates that have to be paid for a quarter. 


Annual rates = Rs. 36000 x < 
= Rs. 1 440 


. The rates that have to be paid for a quarter = Rs. 1 440 + 4 
= Rs. 360 


Example 2 


The assessed annual value of a shop within the administrative domain of a certain 
urban council is Rs. 24 000. The quarterly rates payable on this property is Rs. 300. 
Calculate the rates percentage charged by the council. 


Assessed annual value of the shop = Rs. 24 000 
Rates charged for a quarter = Rs. 300 
«<. Rates charged for the year = Rs. 300 x 4 
=Rs. 1 200 


1 200 
Accordingly, the rates percentage charged = >4 000 * 100% 


= 5% 


Customs Duty 


When certain items are imported or exported, a certain percentage of the value of 
the item has to be paid as taxes to the government. Such taxes are called customs 
duty. This tax is charged by Sri Lanka Customs. 


Individuals who have worked abroad are entitled to a duty free quota on their return, 
which may be used to purchase certain items without paying customs duty, from the 
duty free shops housed in the international airport. 

Further, certain government servants are entitled to a reduction in customs duty 
when importing vehicles. 


Example 1 


If customs duty of 10% of the value of the item has to be paid when a certain type 
of clock is imported, how much duty has to be paid when a clock of this type of 
value Rs. 5 000 is imported? 


Customs duty that has to be paid = Rs. 5 000 x = 


= Rs. 500 ne 


Example 2 


When a car is imported, 60% of its value has to be paid as customs duty. Find the 
total amount with the duty included, that it costs a person to import a car worth 
Rs. 2 000 000. 
Method 1 

60 


Amount of customs duty that has to be paid = Rs. 2 000000 x ina 
=Rs. 1 200 000 


Cost of the vehicle with the customs duty included = Rs. 2 000 000 + 1 200 000 


Method 2 
Cost of the vehicle with the customs duty included = Rs. 2 000 000 x a 
Example 3 


If Rs. 18 000 was charged as customs duty when a stock of fruits worth Rs. 300 000 
was exported to the Middle East, find the percentage of the value of the stock that 
the exporter had to pay as customs duty. 


The value of the stock of fruits = Rs. 300 000 
Customs duty that was paid = Rs .18 000 


18 000 x100% 
300 000 


Percentage charged as customs duty = 


Example 4 


The value of a television set with a 15% customs duty added to it is Rs. 28 750. 
What is the value of the television set without the duty? 
The value of the television set without the customs duty = Rs. 28 750 x n 
115 


= Rs. 25 000 


Income Tax 


The government imposes a tax on the annual income of an individual, which is 
earned as salary, from property or through a business, and which exceeds a certain 
limit. Such taxes are called income taxes. 


The income tax for a particular year can either be paid annually or in quarterly 
installments. A table with the information on how the taxes are calculated, which 
was implemented in 2011 by the Inland Revenue Department is given below. (These 
values may change in the future) 


Annual Income Tax Percentage 
Initial Rs. 500 000 Tax free 
Next Rs. 500 000 4% 

Next Rs. 500 000 8% 
Next Rs. 500 000 12% 
Next Rs. 500 000 16% 
Next Rs. 500 000 20% 
Balance taxable income 24% 


(Table 13.1) 


This table is used to perform calculations related to the examples and problems on 
income tax in this lesson. 


Example 1 


If the annual income of an individual is Rs. 575 000, calculate the income tax he 
has to pay for the year. 


The annual income =Rs. 575 000 
Tax free income = Rs. 500 000 
Taxable income = Rs. 575 000 — 500 000 


= Rs. 75 000 
Payable tax = Rs. 75 000 x 735 


=Rs. 3 000 


Example 2 


If the annual income of a certain businessman is Rs. 1 650 000, calculate the total 
annual income tax he has to pay. 


First let us separate the annual income as shown below. 


1,650 000 = 500 000 + 500000 + 500000 + 150 000 
hoa ~- rd han ~v- -d — 
Annual Tax free 4% tax 8% tax 122 tax 
income income 


Tax free income = Rs. 500 000 


Tax charged on the next Rs. 500000 = Rs. 500 000 x = 
= Rs. 20 000 

Tax charged on the next Rs. 500 000 = Rs. 500 000 x = 
= Rs. 40 000 

Tax charged on the next Rs. 150000 = Rs. 150000 x a 
= Rs. 18 000 

Total income tax that has to be paid = Rs. 20 000 + 40 000 + 18 000 
= Rs. 78 000 


Value Added Tax (VAT) 


When a product or a service is bought, a percentage of its total value is charged as 
value added tax. The trader who sells the product and the service provider who are 
both bound to pay this tax, charge it from the consumer. 


Example 1 


A certain person’s monthly telephone charges are Rs. 2 500. If a VAT of 15% is 
added to this charge, what is his monthly bill? 


Method 1 


15 Method 2 
VAT = Rs. 2 500 x io 


115 
Z- Rs. 375 Rs. 2 500 x a 


Rs. 2 875 


Total bill = Rs. 2 500 + 375 
= Rs. 2 875 


Example 2 


The production cost of a pair of shoes produced by a certain organization is given 
below. 


Raw materials = Rs. 1 200 
Labour =Rs. 300 
Other expenses =Rs. 200 
Total cost = Rs. 1 700 


The organization hopes to gain a profit of Rs. 250 from this product. A VAT of 15% 
has to be paid to the government on the price of the pair of shoes. Find the selling 
price of the pair of shoes with the VAT included. 


Price without VAT = Rs. 1 700 + 250 = Rs. 1 950 


VAT that needs to be paid =Rs. 1950 x a Method 2 
= Rs. 292.50 115 
Selling price of the pair of shoes = Rs. 1950 + 292.50 Ban ee To 


SARAAN Rs. 2 242.50 


Exercise 14.1 


1. The assessed annual value of a certain house is Rs. 15 000. If the relevant 
provincial council institution charges 5% of the value of the house as rates, 
calculate the rates that have to be paid for a year. 


2. If the rates that have to be paid by a shop of assessed annual value Rs. 18 000 is 
6% of the value of the shop, 
(i) how much has to be paid as rates for a year? 
(ii) how much has to be paid as rates for a quarter? 


3. If Rs. 270 has to be paid as quarterly rates for a house of assessed annual value 
Rs. 18 000, which lies within the limits of a certain urban council, calculate the 
percentage that the urban council charges as rates. 


4. A canteen which lies within the limits of a certain municipal council which 
charges 8% of the assessed annual value of the property as rates, has to pay 
quarterly rates of Rs. 1 200. What is the assessed annual value of the canteen? 


5. Mr. Silva who owns a house assessed to be of annual value Rs. 30 000, has 
rented it for a year to Mr. Perera. The monthly rent charged by Mr. Silva is 
Rs. 3 000. The relevant provincial council charges 4% of the assessed annual 
value of the house as rates. Mr. Silva has to spend 15% of the rent on maintenance. 
How much of the rent is Mr. Silva left with at the end of the year, after the 
relevant expenses are met? 


6. The value of a refrigerator which is being imported is Rs. 40 000. If the customs 
duty that has to be paid is 20% of the value of the item, find the amount that has 
to be paid as duty. 


7. If Rs. 3 000 had to be paid as customs duty when a camera worth Rs. 12 000 was 
imported, what is the percentage that was charged as customs duty? 


8. The percentage charged as customs duty when a three wheeler is imported is 50% 
of its value. If the value of the three wheeler with the customs duty included is 
Rs. 450 000, what is the value of the three wheeler without the customs duty? 


9. If customs duty of 12% of the value of the items is charged when a stock of 
ready-made garments worth Rs. 50 000 is exported, what is the value of the 
stock of garments after the customs duty has been paid? 


10. When a certain type of motorcycle is imported, customs duty of 15% of its value 
has to be paid. The value of a motorcycle of this type which was imported is 
Rs. 175 000. 

(i) What is the value of the motorcycle after the customs duty is paid? 
(11) At what price should the motorcycle be sold to make a profit of 10%? 


11. The annual income of a certain individual is Rs. 550 000. How much income tax 
does he have to pay according to the income tax rates implemented in year 2011 
(table 13.1)? 


12.How much should a person whose annual income is Rs. 1 800 000 pay as income 
tax according to table 13.1? 


13.If a businessman paid an annual income tax of Rs. 56 000 in 2012 according 
to the income tax rates implemented in 2011 (table 13.1), what is his annual 


income? 


14. The monthly telephone charges of a certain household is Rs. 1 200. If the VAT 
charges are 10%, what is the total value of the bill? 


15. The charges that had to be met by a person who imported a certain vehicle are 
as follows. 


Import price of vehicle = Rs. 600 000 
Customs duty = Rs. 400 000 
Port charges and transportation cost =Rs. 50000 


If VAT of 15% was charged on all these expenses, how much did he have to pay 
in total for the vehicle? 


16. VAT of 15% is added to the monthly water bill of a household. If Prathapa pays 
a total of Rs. 1 725 as his monthly water bill, find the value of the bill without 
the VAT. 


( 14.2 Interest . 


When a loan has been taken from an individual or an institution, the extra amount 
that has to be paid when settling the loan after a period of time is called the interest. 
Similarly, when money has been deposited in a bank or some other financial 
institution for a period of time, the extra amount that is received at the end of the 
period is also called the interest. 

Usually, the interest that has to be paid for a year is a percentage of the loan amount 
(or deposit amount). This percentage is called the annual interest rate. The interest 
rate can also be given monthly or semi-annually. 


Simple Interest 

When calculating the interest for a specific period, if only the initial amount 
(principal) is taken into consideration, then such interest is called simple interest. 
Example 1 


It took a man 2 years to settle a loan of Rs. 5 000 borrowed at an annual simple 
interest rate of 10%. How much interest did he pay in total? 


Simple interest paid fora year = Rs. 5 000 x ag 
=Rs. 500 


Simple interest paid for two years =Rs. 500 x 2 
= Rs. 1 000 


Example 2 


Find the total amount that Senal has to pay to settle a loan in three months, if he 
borrowed Rs. 8 000 at a monthly simple interest rate of 2%. 


Interest for a month =Rs. 8000 x 2 
=Rs. 160 ss 
Interest for three months =Rs. 160 x 3 
=Rs. 480 
Since total amount = Loan + Interest, 
total amount to be paid in three months =Rs. 8 000 + 480 
= Rs. 8 480 


Example 3 


How long will it take for a person who gave a loan of Rs 10 000 at an annual simple 
interest rate of 12%, to receive an interest of Rs. 3 600? 
Simple interest received for a year =Rs. 10000 x 


=Rs.1200 |” 
Number of years it takes to = ont 
receive Rs. 3 600 as interest 1 200 

= 3 years 


Example 4 


If the simple interest that had to be paid for two years, on a loan of Rs.7 500 was 
Rs.1 200, find the annual simple interest rate that was charged. 


Interest for two years = Rs.1 200 
Interest for a year = Rs.1 200 + 2 
= Rs.600 
Annual simple interest rate = en x 100% 


~ 8% 
Example 5 


How many years after taking a loan of Rs. 25 000 at an annual simple interest rate 
of 7.5%, does a person have to pay a total amount of Rs. 28 750 to settle the loan? 
Interest for a year = Rs. 25 000 x To 
= Rs. 1875 
Loan = Rs. 25 000 
Total amount to be paid = Rs. 28 750 


Total interest to be paid = Rs. 28 750 — 25 000 
=Rs. 3 750 
3 750 


Time period for which interest has to be paid = 1875 


= 2 years 


Example 6 


If the total amount that had to be paid after 4 months to settle a loan borrowed at a 
monthly simple interest rate of 1.5% was Rs.5 300, find the loan amount. 
The meaning of “A monthly simple interest rate of 1.5%” is that “Rs.1.50 has to be 
paid as interest for a month for a loan amount of Rs 100. 
That is, interest paid for 1 month on a loan of Rs.100 = Rs.1.50 
.. Interest paid for 4 months on a loan of Rs. 100 =Rs.1.50 x 4 =Rs.6 
. Total amount paid in 4 months for a loan of Rs. 100 = Rs.100 +6 =Rs.106 
Loan amount for which the total amount of Rs.106 t= Rs.100 
has to be paid after 4 months 


Loan amount for which the total amount of Rs. 5300 = 100, 5300 


has to be paid after 4 months we 
= Rs.5000 


Exercise 14.2 


1. How much interest is received in three years when a loan of Rs.5 000 is given at 
an annual simple interest rate of 12%? 


2. A man deposits Rs.50 000 in a bank at a monthly interest rate of 1.5%. If he 
withdraws the interest he receives monthly, how much interest does he get in 
total during a period of 6 months? 


3. Find the simple interest that has to be paid for 1 year and 5 months on a loan of 
Rs.2 500 borrowed at a monthly interest rate of 3%. 


4. If a person who borrowed Rs. 500 settled the loan in one year by paying back 
Rs.560, find the annual interest rate that was charged. 


5. If a person who gave a loan of Rs. 6 000 at an annual simple interest rate, received 
Rs.3 600 as interest for four years, what is the annual simple interest rate that 
was charged? 


6. If a person who borrowed Rs.600 paid Rs.135 as interest for 1 year and 
3 months, find the monthly interest rate that was charged. 


7. If a person who gave a loan of Rs.8 000 received a total amount of Rs.9 680 at the 
end of two years, find the annual simple interest rate that was charged. 


8. At what annual simple interest rate should a loan of Rs.5 000 be given to receive 
the same interest that is received when a loan of Rs.6 000 is given at an annual 
simple interest rate of 8%? 

9. For what period of time should an interest of Rs.540 be paid on a loan of 
Rs.1 500 taken at an annual simple interest rate of 12%? 


10. In how many months will an interest of Rs.420 be earned on a loan of Rs.2 000 
given at a monthly simple interest rate of 3%? 


11. After how long is a person who has taken a loan of Rs.6 000 at an annual simple 
interest rate of 18% able to settle the loan by paying back Rs.9 240? 


12. After how long has a person to pay a total amount of Rs.5 000 to settle a loan of 
Rs.2500 taken at an annual simple interest rate of 10%? 


13. A person takes a loan of Rs.5 000, promising to pay interest at a monthly simple 
interest rate of 5%. How much does he have to pay in total to settle the loan in 
6 months? 


14. What is the total amount that has to be paid in three years to settle a loan of 
Rs.8 000 taken at an annual simple interest rate of 15%? 


15. Calculate the loan amount if a total amount of Rs.3 100 had to be paid in 8 
months to settle the loan taken at a monthly simple interest rate of 3%. 


16. A person takes a loan on annual simple interest, promising to settle the loan in 
two years by paying Rs.5 000. However he was only able to settle the loan in 
5 years, at which time he had to pay Rs.6 500. 
(1) Calculate the interest he has paid for a year. 
(ii) What was the amount he borrowed? 
(iii) What was the annual simple interest rate that was charged? 


17. If a person took a loan of Rs. P for a period of T years at an annual simple 
interest rate of R. 
(i) Write down an expression for the interest he has to pay for a month. 
(ii) Write down an expression for the total interest / that he has to pay for a 
period of T years. 
(iii) Calculate / using the expression in (ii) above when P = 4000, R = 8 % and 
T=5. 


Equations 


By studying this lesson you will be able to 


e construct and solve simple equations with algebraic fractions 
e construct and solve simultaneous equations 
e solve quadratic equations using factors 


( Solving simple equations 


Let us work on the following exercise in order to revise the knowledge we have 
acquired on solving simple equations. 


Review Exercise 


1. Solve the following equations. 


a. 2x+8 =x+12 b. 2(x-3) =4 ec 5x-8 =2(3-) 
d. 2(y+3) =3(y-l) e 4-5(3-p) =2(p-l) Beles 
x 2x S 
i || hae as = 1. = RENE 
4 3 - 1 en 7 
To E 
j. = 9 k. (a-3) l (x+1) (x 3) nk 
4 5 Te 2 i 4 2 


( 15.1 Solving simple equations described further: 


Let us learn how to construct and solve an equation. 


Did you observe that some of the equations in the above exercise contain fractions. 
The unknown term (x, y, p, a) was in the numerator of the fraction?. Now we are 
going to construct and solve equations with fractions of which the unknown term is 
in the denominator. Let us construct and solve such an equation. 


Twelve is divided by two numbers of which the value of one number is double that 
of the other. The difference between the two quotients is 2. Find the two numbers. 


Let us examine how this problem can be solved by the trial and error method. 


Case I: Can the two numbers be 2 and 4? 
126 and 12 3,80 the difference is 6 — 3 = 3, and they do not work. 
4 


Case II: Can the two numbers be 6 and 12? 
12 


$72 and A =1, so the difference is 2 — 1 = 1, and they do not work. 
Case III: Can the two numbers be 3 and 6? 
= =4and = =2, SO the difference is 4-— 2 = 2, and they work! 

Thus, the problem can be solved using the method of trial and error. However, 
for some problems, the trial and error method is too long. Also, some problems 
cannot be solved by trial and error method. A suitable method of solving this type of 
problems is by using equations. Now, let us see how it can be solved by constructing 
an equation. 


Suppose 12 is divided by a number x and its double 2x. 


Then the quotient of 12 divided by x is = . 
x 


The quotient of 12 divided by twice the x, i.e., 2x, is = ; 
x 
Because the difference between the two quotients is 2, we get ae = =2 
xX X 
The value of x obtained by solving this equation gives us the required number. Let 


us solve this equation. This is an equation having fractions with algebraic terms 
in the denominator. The first fraction contains x in the denominator. The second 
fraction has 2x in the denominator. Let us make the denominators of both fractions 


ae The easiest way to do this is by replacing = by the equivalent fraction 
X 


x2 which is 24. 
XX2 2x 
Then, 
2412 _ 
2x 2x 2 
a 12 
: a = 2 
a 12 
Multiplying both sides by 2x — x 2x = 2x2x 
2x 
i.e.,12 = 4x 
Dividing both sides by 4 
12 _ ax 
4 4 


3=x, Le, x=3 


It follows that the two numbers are 3 and 6. 


Note:This equation can be solved by writing the equation ies =2as 12 = 4x by 
cross multiplication too. 2x 


Example 1 


Several friends shared 60 mangoes equally. One of them, Amal, sold three of his 
mangoes, and then he had only two mangoes left. How many friends shared the 
mangoes? 


In reality, this problem can easily be solved mentally. Nevertheless, let us solve this 
equation as follows just to illustrate the construction and solving of equations. 


Let x be the number of friends. 


Then, the number of mangoes one person obtains = — 
Number of mangoes Amal sold =3 
Then, the number of mangoes left = — =3 
Since he had only two left, we may write, 
329 
X 
Let us now solve this equation. 
Let us add 3 to both sides. 
60 343=2+3 
X 
, Mas 
X 
Then, 5x = 60 
Hence, x = 12. 
Therefore, 12 friends shared mangoes. 
Observe how the following equations are solved. 
Example 2 Example 3 
342.1 Ial 
a a 2 (x42) 2 
= 1 By cross multiplying we obtain, 
By cross multiplying, Ix(x+2)=2x3 
a =10 x+2 =6 
~ x=4 


Example 4 Example 5 


2 I 3 
7 3 (x-1) 2(x-1) 4 
4-1 3 
(x+5) 2(x 3) EN =F 
4(x-3) = 3(x+5) 3 -3 
4x-12 =3x +15 2(x-1) 4 
4x-3x = 15+12 3 x2(x-l)= 3x4 
x =27 xx 2(x-1) = xk 
y=1=2 
x=3 


Exercise 15.1 — 


1. A father and his sons equally shared an amount of Rs 270. Then the amount each 
person had was Rs 45. Taking the number of sons as x, construct an equation. 
Solve this equation and hence find the number of sons the father has. 

2. When the same number was added both to the numerator and the denominator of 


the fraction a the resulting fraction was equal to What number was added? 
5 


3. Solve the following equations. 


3 1 53 _ 2_ 1 
aa ae b. A S 5 
m m 2 x ae aE x 
ete es e. eles f. 3 -2 
5x a 4m+] x+2 7 
10 -3 4 — 3 2 
Pua g a a AE 
1 3 2 5 
J = k. + 3 =?) l. 2 T 
atl a+l 3 y=} aD 2(p+1) ptl 8 
1 8 
m. 2 = n. 1 ofl a =) eel 3 = 
x+2 3(x+2) 15 Da OB 2p) Pri 
3 4 
p E O Toa 
a-| 4 al x+1 3 Iha 3 


( 15.2 Simultaneous Equations 


Consider the following pair of simultaneous equations 
2x+y=5 
2x+3y=8 
The coefficient of the unknown x in each of the equations is 2. That means, they are 
equal. We have seen how to solve simultaneous equations of this nature, i.e., when 
the coefficients of one unknown are equal. Let us see how simultaneous equations 
are solved when the coefficients of both unknowns are un equal, i.e., the coefficients 
of each unknown are different. 


Example 1: 


Sajithi and Sanjana have certain amounts of money. When twice the amount of 
money Sanjana has is added to the amount of money Sajithi has, we get Rs. 110. 
When thrice the amount of money Sanjana has is added to twice the amount of 
money Sajithi has, the amount is Rs. 190. Find the amount of money each has. 


Let us see how simultaneous equations can be used to solve this problem. Let the 
amount of money Sajithi has be Rs. x and the amount of money Sanjana has be 
Rs. y. Then, the sum of the amount of money Sajithi has and twice the amount of 
money Sanjana has is Rs. x + 2y. Because this amount is equal to Rs. 110, we get 


x +2y=110 © 


Also, the sum of twice the amount of money Sajithi has and thrice the amount of 
money Sanjana has is Rs. 2x + 3y. Because this amount is equal to Rs 190, we get 


2x +3y = 190 © 


The coefficients of neither x nor of y of the equations (1) and (2) are equal. 
Therefore, let us equate the coefficients of one of the unknowns. In order to make 
the coefficient of x in the first equation 2, let us multiply that equation by 2. Then 
we get 


" 2x + 4y = 220 


© 


Now, the coefficients of x in both equations are equal. 
Therefore, from ©) and © , we get, 


2x + 4y — (2x + 3y) = 220 — 190 
2x + 4y — 2x — 3y = 30 
y =30 
Substituting the value of y in the first equation, 


x+2y=110 
x+2x30 =110 


x+60 = 110 
x =110-60 
x = 50 


Therefore, the amount of money Sajithi has is Rs 50 and the amount of money 
Sanjana has is Rs 30. 


Example 2 
Solve: 2m + 3n = 13 
3m + 5n=21 


Let us denote the two equations as 
2m + 3n= 13 


3m + 5n=21 —— Q) 
From x 3, we get, 6m+9n =39 ———0O 


From x 2, we get, 6m + 10n = 42 © 
Then, from @ and ©), we get, 


6m + 10n — (6m + 9n) = 42 — 39 
6m + 10n —6m —9n = 3 


n=3 
Substituting n = 3 in (1), we get 
2m+3n = 13 
2m + 3x3 = 13 
2m =13-9 
2m =4 
m =2 


i.e, m=2 andn=3 
Example 3 


The price of two oranges and one king coconut is Rs. 80. Three king coconuts cost 
the same amount as two oranges. Find the price of an orange and a king coconut 
separately. 


Let us construct two equations from the given information. 


Let the price of one orange be Rs. x and that of a king coconut be Rs. y. 


Then, the price of two oranges and a king coconut is 2x + y. Since this is equal to 
Rs. 80, we get 
2x + y = 80. 
Because the price of two oranges is equal to that of three king coconut, we get, 
2x = 3y. 
Let us denote the equations as 


2x + y = 80 ——_@ 
2x = 3y ——_® 


These two equations can be solved just the way we did in the previous example, by 
writing the second equation as 2x — 3y = 0. However, there is an easier way to do it 
in this case. That is, substituting from one equation to the other. 


Substitute 3y from equation (2) for 2x in equation (1) to get 
3y+y =80 
4y = 80 
y=20 


Substitute y = 20 in (1) to get 
2x + 20 = 80 
2x = 60 
x = 30 
Therefore, the price of one orange is Rs. 30 and that of a king coconut is Rs. 20. 


Example 4 

Solve: x =3y 
2x + 3y = 18 

Denote the two equations as 
x= 3) — QO 

2x + 3y = 18 — © 


Substitute for x in equation (2) from equation (1) to get 
2 x (3y) + 3y = 18 
6y + 3y = 18 
Sy = 18 
y=2 
Substitute y = 2 in (1) to get 
x=3y 
x=3x2 
x=6 
Le., x = 6 and y =2. 


Exercise 15.2 


1. Solve each of the following pair of simultaneous equations. 


(a) x+2y =10 (ec) 2x+5y=9 (i) 3x+4y=9 


2x —5y=2 3x + 2y=8 2x —Sy+ 17=0 
b) x =3y (f) 4m-—3n=7 (j 3x-4y=8(Q2-y)+1 
x +3y =12 Tin = Dip = 2R 2 rT) = 20) 
(Cee =53 ©) ==] 
m+2n=4 3x + 2y= 16 
(d) 3x +y=14 (h) 6x+5y=5 
2x + 3y=21 9x —4y =19 


2. The price of two baby shirts and three pairs of baby shorts is Rs. 1150. Three baby 
shirts and a pairs of baby shorts cost Rs. 850. Taking the price of a baby shirt 
as Rs. x and that of a pairs of baby shorts as Rs. y, construct two simultaneous 
equations and find the price of a baby shirt and that of a pairs of baby shorts 
separately by solving the two equations. 


3. Dinithi’s father tells Dinithi, “My age is now four times your age. 8 years earlier, 
I was twelve times older than you.” Find the present ages of the father and Dinithi 
separately. 


(45.3 Quadratic Equations 


An equation of the form ax? + bx + c= 0 is called a quadratic equation where a + 0. 
The terms b and c might be 0. Observe the following equations. 
(i) x7 + 5x +6=0 
(ii) 2x°— 5x = 0 
(iii) x7- 9 =0 


Each of the above equations is a quadratic equation since a + 0, whereas c = 0 in the 
second equation and b = 0 in the third equation. 


Before solving the quadratic equations, let us consider the following: 

e When any number is multiplied by zero, the product is zero. 

e If the product of two numbers is zero, then at least one of the numbers is zero. 
So, let us see for what values of x the expression (x —1)(x— 3) is zero. The expression 
is zero only when x —1= 0 or x —3 = 0, that is, only when x =1 or x = 3. 


Now, consider the equation (x— 1)(x —3) = 0. The values x = 1 and x = 3 satisfy this 


equation. Then, | and 3 are called the roots of this equation. 


Now, consider the equation x? + 5x + 6 = 0. 
Since x? + 5x + 6 = (x + 3)(x + 2), the equation can be rewritten as (x + 3)(x + 2) =0. 
Then, x +3 =O orx+2=0. 
There fore, x = —3 and x = —2 satisfy the equation. This can be verified as follows. 
When x = -3, 
xX +S5x+6 = GSP +5-3)+6 
=9+(-15)+6 
=0 
When x = —2, 
or OO = (2 ae ir 6 
=4+(-10)+ 6 
=0 


Thus, the roots of the equation x? + 5x + 6 = 0 are —3 and —2. In other words, the 
solutions of the equation are x = —3 and x = -2. 


Example 1 
Solve the equation x? + 2x =0 
xX +2x =0 
x (x+2)=0 


x=0 or xt2=0 
x=0 or x==2 
Hence, x = 0 and x = —2 are the solutions of the given equation. 


Example 2 
Solve the equation x*—3x+2=0 
x?-3x+2=0 
œx-1) @=2) =0 
x—-l=0orx-2=0 
x=1 or x=2 
Hence, x = 1 and x = 2 are the solutions of the given equation. 


Example 3 


Solve the equation x’— 4x — 21 = 0 


x7—4x-21=0 


(x—7) (x + 3) =0 
x—-7=0 or x +3=0 
x=T7orx=-—3 


Hence, x = 7 andx = —3 are the solutions of the given equation. 


Note: When there are two factors to a quadratic expression, there are two distinct 


roots to the that equation. 


Exercise 15.3 


Solve each of the following quadratic equations. 


GQ 2) — 3) = 0 

(c) ~@-4)(x-4=0 

(e) x (x +3)=0 

(g) x7-16=0 

(i) 9x?-27x =0 

(k) 2x?-5x+2=0 

(m) 2x? = 6x 

(0) («+3 =16 

(q) (2x -3P =0 

(s) (—1)(x-2) =2x?-3x-2 


(b) (x+2)(x-—5)=0 
(d@) «-1)(2x—-1)=0 
A yQy—3)=0 


(h) 4x°-1=0 
Vj) x7+ 15x+36=0 
(0) 2x*-5x =0 
(n) x? =25 
(p) x°=9x + 36 
r) 2x*-5x =0 
D X43 _ 3x42 
2 x 


Parallelograms I 


By studying this lesson you will be able to 
solve problems and prove riders using the properties of parallelograms. 


Parallelograms 


Aclosed plane figure bounded by four straight line segments is called a quadrilateral. 
Let us consider the opposite sides and the opposite angles of a quadrilateral. 


P, 


S 
R 


In the quadrilateral PORS, PQ and SR are a pair of opposite sides, and PS and OR 
are the other pair of opposite sides. While SPO and SRO form a pair of opposite 
angles, the other pair of opposite angles is POR and PSR. 


A quadrilateral with both pairs of opposite sides parallel is defined as a parallelogram. 


D C 


A B 


A pair of arrowheads have been used to indicate that the sides 4B and DC of the 
above parallelogram are parallel to each other. Also, two arrowheads each have 
been used to indicate that the sides BC and AD are parallel. 


( 16.1 Properties of Parallelograms 


Do the following activities first to identify the properties of parallelograms. 


Draw a parallelogram using a set square and a ruler. Name it PORS as indicated in 
the figure. 


S R 


g Q 
1. In the parallelogram PORS that you drew, 
e measure the lengths of the sides PO, OR, SR and PS. 
e What can you say about the lengths of the pair of opposite sides PO and SR, 
as well as the lengths of PS and OR? 
It should be clear to you that PO = SR and PS = OR. 


2. In the parallelogram that you drew above, 


e measure the magnitudes of POR : OPS , PSR and ORS. 
e What can you say about the magnitudes of the pair of opposite angles OPS and 
ORS, as well as the magnitudes of the pair PSR and POR? 
It should be clear to you that OPS = ORS and that PSR = POR. 


3. Now copy the parallelogram PORS onto a piece of tissue paper, and using it draw 
two copies of PORS and cut them out. 
e In one parallelogram, draw the diagonal PR. 
e Now cut this parallelogram along the diagonal and see whether the two triangles 
that you obtain coincide. 


It should be clear to you that the two triangles coincide. Therefore, the areas of the 
two triangles are equal. Similarly, use the other parallelogram you cut out to verify 
that the areas of the two triangles obtained by cutting the parallelogram along the 
other diagonal are also equal. 


According to the above activity, 


The opposite sides of a parallelogram are equal, the opposite angles of a 
parallelogram are equal, and the area of the parallelogram is bisected by each 
diagonal. 


As in activity 1, draw a parallelogram using a set square and aruler. Name it ABCD 
as in the following figure. 


C 


A B 


e Now draw the diagonals AC and BD. Name their intersection point as O. 
e Measure the lengths of OA,OB,OC and OD. 

e What can you say about the lengths of OA and OC? 

e What can you say about the lengths of OB and OD? 

e It should be clear to you that OA = OC and that OB = OD. 


Accordingly, it is clear that the diagonals of a parallelogram bisect each other. 


Now let us consider how various elements of a parallelogram are found based on 
the data that is given. 


Find the lengths of the sides and the magnitudes of the angles given below based on 
the data given in the parallelogram ABCD. 


D C (i) Length of BC 
(ii) Length of DC 
5 cm Gii) Magnitude of BAD 
(iv) Magnitude of BCD 
(v) Magnitude of 4BC 
A 6 cm B (vi) Magnitude of ADC 
(1) Since the opposite sides of a parallelogram are equal, AD = BC and AB = CD. 


>, BE = cm 
(ii) DC = 6 cm 
(iii) Since the sum of the interior angles of a triangle is 180°, 
BAD =180° -75° — 45° 


= 60° 
(iv) Since the opposite angles of a parallelogram are equal, 
BCD = BAD 
.BCD = 60° 


(v) ADB =CBD (AD //BC, Alternate angles) 
HOE =a 
ABC =ABD +CÊD 
ABC =45°475° 
=120° 


(vi) Since the opposite angles of a parallelogram are equal to each other, 
ABC =ADC 
~. ADC =120° 


Exercise 16.1 


1. According to the information in the parallelogram P S 
PORS, 8 cm 
(i) find the length of the side PQ. 

(ii) find the magnitude of each of the angles Q R 
OPS, POR and ORS. 


B 
2. Based on the data in the figure, A 
(i) find the magnitude of BCD. 
(ii) If the area of the parallelogram ABCD is 24 cm’, 
what is the area of the triangle BCD? 
(iii) What is the area of the triangle ACD? D c 
D C 


3. Based on the information in the figure, E 
(i) find the length of DC. 
(ii) find the magnitude of 4 BE. 
(iii) find the magnitude of ADC. 
(iv) find the magnitude of BCD. 


4. Based on the information in the figure, find 
(i) the length of PS. 

(ii) the magnitude of OPS. 

Gii) the magnitude of POR. ip Q 


5. Find the magnitude of each of the angles denoted by 
a, b, c and d, based on the information in the figure. 


6. Based on the information in the figure, 
(i) write down two sides which are equal in 
length to DC. 
(ii) find the magnitudes of the angles denoted 
by x, y and z. 


7. The figure depicts two e > 
parallelograms ABCD and ADFE. 
According to the information 
given in the figure, 
(i) find the length of BC. B —; = F 
(ii) find the magnitude of each of 
the angles, CFD, ADC and ECD. 


(16.2 Properties of a parallelogram 


( 


Since the properties that we observed above in parallelograms are common to all 
parallelograms, we can present them in the form of a theorem as follows. 


Theorem 1: Ina parallelogram, 
(i) opposite sides are equal. 
(ii) opposite angles are equal. 
(iii) the area of the parallelogram is bisected by each diagonal. 


Theorem 2: Ina parallelogram, the diagonals bisect each other. 


Now let us consider how the first three parts of this theorem are proved formally. 


pl 
A B 


Data: ABCD is a parallelogram. 
To be proved: (i) AB=DC and AD = BC 
(ii) BAD = BCD and ADC = ABC 
(iii) Area of A ABD =Area of ABCD 
Area of A ACD = Area of A ABC 


Construction: Join BD 

We can obtain the three results by showing that the triangles ABD and BCD are 
congruent. Let us prove that the two triangles are congruent under the case AAS as 
follows. 

Proof: In the triangles ABD and BCD, 


ADB =CBD (Alternate angles, AD // BC) 
ABD =BDC (Alternate angles, AB // DC) 
BD is the common side. 

<. AABD=ABCD (AAS) 


Since the corresponding elements of congruent triangles are equal, 
AB =DC and AD=BC. 


Also BAD =BCD. 
Areaof AABD = Areaof ABCD (Since A ABD= A BCD) 


<. The area of the parallelogram ABCD is bisected by the diagonal BD. 
The above facts can also be proved by using the diagonal AC. 


Example 1 


The points P and Q are marked on the diagonal 
BD of the parallelogram ABCD such that 
BP = DQ. Prove that, 


(i) AADO =A BPC 
(ii) AQ//PC 


A 


Proof: (i) In the triangles ADQ and PBC, 
DQ =BP (Given) 
AD =BC _ (The opposite sides of a parallelogram are equal) 
A DO = PBC (Alternate angles, AD // BC) 
<. AADQ=ABPC (SAS) 


(i) Since the triangles ADO and PBC are congruent, the corresponding elements 
of the two triangles are equal. 
<. AOD = BPC. 


<. AOP = OPC. (40D + AOP = BPC+CPO= 180° | 


But AOP and OPC are alternate angles. 
Since a pair of alternate angles are equal, AQ // PC. 


Example 2 


According to the information given in the diagram, prove that O is the mid point 
of XY. 


We need to prove that XO = OY. To do this, let us first show that the triangles AOX 
and COY are congruent. 
Proof: 


In the triangles AOX and COY, 
AXO = CYO (AX//CY, Alternate angles) 
AOX = COY (Vertically opposite angles) 
AO =OC (Diagonals of a parallelogram bisect each other) 
<. AAOX=ACOY (AAS) 
Corresponding elements of congruent triangles are equal. 


“. OX =OY 
i.e., O is the mid point of XY. 


Exercise 16.2 


1. In the parallelogram ABCD, the midpoint 
of BC is E. DE and AB produced E 
meet at Q. Prove that AB = BQ. 


A 2 B Q 


2. In the parallelogram ABCD in the figure, the 
perpendiculars drawn from B and D to AC are 
BL and DM respectively. Show that BL = DM. 


A 


P y Q 


3. The figure illustrates two parallelograms 
PORS and QYSX. Prove that, 
(i) PX = RY. 
(ii) Area of PSXO = Area of SROY 


< 


4. PORS in the figure is a parallelogram. a 
The points X and Y lie on PR such that 
PX = XY = YR. Prove that, 
GOx— SY, 
(li) OX//SY. 


5. The figure illustrates a parallelogram 


D xX A 
ABCD. The points X and Y lie on the 
sides AD and BC respectively, such 
that DX = BY. 
(i) Prove that AABY=ADCX 
C Y B 


(ii) Show that AY // XC. 


6. The figure depicts two parallelograms named 
ABCD and APCO. Prove that, the lines AC, BD 


and PỌ are concurrent. D C 


P 


7. In the parallelogram PORS, the bisectors of PSRand ORS meet at the point X on 
the side PQ. 
(i) Draw a figure with the above information included in it. 
(ii) Prove that PX = PS. 
(iii) Prove that X is the mid-point of PQ. 
(iv) Prove that PO = 2 PS. 


Parallelograms Il 


By studying this lesson you will be able to 
identify the conditions that need to be satisfied for a quadrilateral to be a 
parallelogram. 


Theorem: If the opposite sides of a quadrilateral are equal, then it is a 


parallelogram. 
F : : = A 8 cm B 
or example, in the given figure, 4B = DC and 
A05 pe . 5 cm 5 cm 
Therefore, ABCD is a parallelogram. 
D C 


8 cm 


Let us engage in the following activity to establish the truth of the above theorem. 


* Draw DAB as shown in the figure, such that the sides of the angle are of length 
5 cm and 3 cm. 


e As shown in the second figure, obtain the point C 
which is 3 cm from B and 5 cm from D. 3 cm 

e Now complete the quadrilateral ABCD. 

e Then it can be seen that AB = DC and AD = BC. A 


: ; 5 
e By using a set square and a ruler or by measuring g = 


the angles and obtaining that the sum of a pair of 
allied angles is 180°, observe that the opposite sides 
of the quadrilateral are parallel. That is, obtain that , 
AB//DC and AD//BC. 5 cm 


3 cm 3 cm 


lss] 


It can be observed that in a quadrilateral with opposite side equal, the opposite 


sides are parallel too. 


Theorem: If the opposite angles of a quadrilateral are equal, then it is a 
parallelogram. 


; : : S R 
cr example, in the given figure, since Ii ii0 
POR = PSR and ORS =OPS, by the 
theorem, PORS is a parallelogram. 
110° 70° 
P Q 


Let us engage in the following activity to establish the truth of the above theorem. 


e Measure all the angles in each of the following quadrilaterals. 


N M 


D 


K A A B 


P Q 


e Check whether the opposite pairs of angles of each quadrilateral are equal. 
e Check whether the pairs of opposite sides are parallel in the quadrilateral with 
opposite angles equal. (See whether the sum of the allied angles is 180°.) 


Accordingly, observe that in the quadrilateral with opposite angles equal, the 
opposite sides are parallel to each other. 


Theorem: If the diagonals of a quadrilateral bisect each other, then it is a 
parallelogram. 


A D 


For example, in the quadrilateral ABCD, since 
AO = OC and BO = OD, according to the theorem, 
ABCD is a parallelogram. 


Engage in the following activity to establish the truth of the above theorem. 


e To draw the quadrilateral ABCD with diagonals AC and BD, first draw the 
diagonal AC and name its midpoint O. 

e Now draw another straight line segment such that it intersects the diagonal AC at 
O. Mark the points B and D on this line segment such that OB = OD. 


A D A D 
a L x<] 
4 C B C 
e Now complete the quadrilateral ABCD as shown above. 
e Check whether the sides AB and DC as well as the sides BC and AD in the 


quadrilateral ABCD are parallel to each other by using a set square and a ruler or 
by measuring a pair of alternate angles. 


Accordingly, it can be seen that if the diagonals of a quadrilateral bisect each other, 
then the opposite sides are parallel to each other. 


Theorem: In a quadrilateral, if a pair of opposite sides is equal and parallel, 
then the quadrilateral is a parallelogram. 


P 


For example, in the quadrilateral PORS, since PO = SR and >t 
PO//SR, it is a parallelogram. 
Engage in the following activity to establish the truth of ae ki A 


above theorem. 
Activity 4 


e Draw a pair of parallel lines using a set square and a ruler or by some other 
method. 

e Mark two points A and B on one of these lines. 

e Mark a length equal to AB on the other line as shown in the figure, and name it 


DC. 


A > 


D C 
e Now complete the quadrilateral ABCD and draw the diagonal AC as shown in the 
figure. 


A 


= B By measuring the pair of alternate angles x and y using 
a protractor, or by using a set square and ruler, observe 
that AD and BC are parallel to each other. 


D í C 


Accordingly, it can be seen that in a quadrilateral, if a pair of opposite sides is equal 
and parallel, then the quadrilateral is a parallelogram. 


Now, by considering the following example, let us see how riders are proved using 
the above theorems. 


Example 1 


Tis the midpoint of the side BC ofthe triangle ABC. The straight line drawn through 
C, parallel to AB meets AT produced at D. Prove that ABDC is a parallelogram. 
First, let us draw the figure according to the given information. 


B D 


A C 
We know that in a quadrilateral, if a pair of opposite sides is equal and parallel, 
then it is a parallelogram. Therefore, let us show that ABDC is a parallelogram by 
showing that a pair of opposite sides is equal and parallel. It is given that AB//CD. 
Let us show that AB = CD. 


To obtain this, let us show that the triangles ABT and CTD are congruent. 


In the triangles ABT and CTD 
BT =TC (Given) 
ATB =CTD (Vertically opposite angle) 
ABT = TCD (AB//CD, Alternate angles) 
A ABT= A CTD (A.ASS.) 


Since corresponding elements of congruent triangles are equal, 
AB = CD. 
Since AB = CD and AB // CD, we obtain that ABDC is a parallelogram. 


Exercise 17.1 


1.From the following quadrilaterals, select the ones which can be concluded to be 
parallelograms, based on the given information. 


Le 
4 cm tf 4d ft 8 


(a) (b) (c) 


ome 


(f) 


DIA 
Pua 


2. The midpoint of the side DC of the parallelogram ABCD 
in the figure is P. AD and BP produced meet at E. 
(i) Prove that ABCP=ADPE 
(11) Prove that the quadrilateral BCED is a parallelogram. 


J; 


3. AB and CD are two diameters of the circle of centre O in the 
given figure. Prove that A, C, B and D are the vertices of a 
parallelogram. 
> LS, 


4. In the parallelogram ABCD in the figure, the p = 
perpendiculars drawn from the points D and B 
to the diagonal AC meet AC at the points X and Y 
respectively. X 
Prove that, x 
B 


(i) AAXD =A BYC, ie 
(ii) DX = BY, 
(iii) BYDX is a parallelogram. 


S R 
= 

5. Two parallelograms ABPQ and ABRS are given in 

the figure. Prove that OPRS is a parallelogram. O £ F 

A B 
D C 

6. The figure illustrates a parallelogram 

ABCD. If AE = FC, prove that EBFD is 

a parallelogram. 


A B 


Q 


7.In the given figure, ABCD is a 
parallelogram. The side DA has 
been produced up to X such that 
DA = AX. Also, DC produced and 
XB produced meet at Y. Prove that, 
(i) AXBC isa parallelogram, 

(ii) ABYC is a parallelogram, 
(iii) DC = CY. 


8. The diagonals of the parallelogram PORS intersect each other at O. The points M 
and T lie on PO and OR respectively and the points L and N lie on QO and OS 
respectively such that PM = RT and SN = QL. 

Prove that, 

(i) MO = OT, 

(11) LMNT is a parallelogram, 
(iii) MSTỌ is a parallelogram. 


Parallelograms with special properties 


1. Rectangle 
If one of the angles of a parallelogram is a right angle, then the other angles too 


are right angles. Such a parallelogram is a rectangle. 


Apart from the properties of a parallelogram, a 
rectangle also has the following properties. 

(i) All the vertex angles are right angles. 

(ii) The diagonals are equal in length. 


2. Square 
A rectangle with two equal adjacent sides is a square. Apart from the properties 


of a rectangle, a square also has the following properties. 
A 
(1) All the sides are equal in length. 
(ii) The diagonals bisect each other at right angles. i 
(iii) The angles at the vertices are bisected by the diagonals. 


D 


3. Rhombus 
When two adjacent sides of a parallelogram are equal in length, then all four 
sides are equal in length. Such a parallelogram is called a rhombus. Apart from 
the properties of a parallelogram, a rhombus also has the following properties. 


FẸ. 


(i) All the sides are equal to each other. 
(ii) The diagonals bisect each other at right angles. NA 
(iii) The angles at the vertices are bisected by the o 


diagonals. A 
S 


Miscellaneous Exercise 
Doe E 


1. ABCD in the figure is a parallelogram. 
If DF = EB, prove that AECF is a parallelogram. 


EB 


2. In the triangle ABC, the bisector of ABC meets the side AC at the point P. The 
straight line through A drawn parallel to BC, meets BP produced at D such that 
JJe = JAD), 

(i) Prove that ABCP = A ADP 
(ii) Show that ABCD is a rhombus. 
(iii) If AC = 18 cm and BD = 24 cm, find the length of AB. 


3. In the triangle ABC, the midpoints of the sides AB and AC are respectively X 
and Y. The straight line drawn through C, parallel to AB, meets XY produced 
at Z. Prove that, 

(i) AAXY= A CYZ 
(11) BCZX is a parallelogram. 
4. In the parallelogram ABCD, the midpoints of the sides AB, BC, CD and AD are 
P, Ọ, Rand S respectively. Prove that , 
(i) AASP = ACOR, 
(ii) PORS is a parallelogram. 


Sets 


By studying this lesson, you will be able to 

e identify methods of describing sets 

e identify the regions in a Venn diagram when at most two sets 

are represented in the Venn diagram and solve problems using the formula 
relating the number of elements in these sets. 


(Set Notation 


You have learnt three methods of describing sets before. They are 
e the descriptive method 
e the method of listing elements 
e the Venn diagram method. 


Let A be the set of all multiples of 3 between 1 and 10. Then, A can be denoted using 
the above three methods as follows: 
e As a description, 
A = {multiples of 3 between 1 and 10} or 
A = set of all multiples of 3 between 1 and 10. 
e Listing the elements 
A = {3, 6, 9} 
e In a Venn diagram, 


(3) 


(81 Set Builder Method 


Set builder method is another method to describe sets. The set of all multiples of 3 
between 1 and 10 can be denoted using the set builder method as follows: 
A= {x : x is a multiple of 3 and 1< x < 10}. 


The symbol x here is like a variable. You may use any symbol in place of x. The 
statement after the colon describes how the elements should be. There are several 
ways a set can be represented using the set builder method. For example, the 
following are three different ways of denoting the set Æ = {1, 2} using the set 


builder method. 


A={x:@-1)(@-2)=0} 
A={y:yeZ and l<y<2} 
A={neZ: 0<n<2} 


Look at the following table for more examples on the set builder method. 


Set 


Set builder form 


C 


A = {Positive integers less than 10} A = {x: xe Z* and 0<x< 10} 


or 
A={xeZ*:0<x<10} 


B= {16, 25, 36, 49} B= { x: xis a perfect square. 16 <x <49} 


C={x:xeZ,-2 <x <3} 


or 
C={xeEeZ:-2<x<3} 


Exercise 18.1 


1. Describe the set of all positive integers from10 to 15 using 
(i) the descriptive method 
(ii) the listing method 

(iii) a Venn diagram 

(iv) the set builder method. 


2. Describe each of the following sets using the descriptive method. 
(i) A= {3, 6, 9, 12} 


(iii) C= { x: x is a perfect square and 10 <x < 100 } 


3. Describe each of the following sets using the descriptive method. 
i. X= {All letters in the word “ANURADHAPURA”} 
ii. A = {x : x is a prime number and 10 < x < 20} 


4 
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4. Describe each of the following sets using a Venn diagram. 
(i) A = {7, 14, 21, 28} 
(ii) B = {Vowels in the English alphabet} 
(iii) Y= {ye Z :x?=4} 
5. Describe each of the following sets using the set builder method. 


(i) X= {Odd numbers between 1 and 10} 
(ii) Y= {0, 1, 2, 3} 


(is. 2 Regions in a Venn Diagram 


In Venn diagrams, the universal set is represented by a rectangular region and is 
denoted by e. 


The subsets of the universal set are represented by circular (or elliptical) regions. 
These subsets give rise to several regions in the Venn diagram that represents the 
universal set. Now let us investigate these regions. 


1. When there is one subset represented in the universal set. 


E€ 


The subset A divides the universal set into two regions which are shaded in the next 
figure. The subsets corresponding to these regions can be denoted by A and 4‘ using 


set notation. 


Complement of A = A’ 


2. When two subsets are represented in the Venn diagram 


Let A and B be the two subsets. When there are no common elements in A and B, 
that is, when AAB = Ø , and when there are common elements in A and B, that is 
when AAB +, the relevant Venn diagrams are shown below. 


€ € 


ANB =Ø ANB#@ 


Before investigating the regions let us recall the following definitions. 
A‘ = Set of elements not in A 
ANB = Set of elements belonging to both A and B 
AUB = Set of elements belonging to A or B (or both) 
As an example, let us take ¢ = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10} 
A = {2, 4, 6, 8, 10} and 
B= {2, 3,5, 7} 
Then, we can represent the above information in a Venn diagram as given below. 


According to the given information, it is clear that 
A= {1,3, 5,7,9} 
AQB = {2} and 
AUB = {2, 3, 4,5, 6, 7, 8, 10} 
Also, when we observe the Venn diagram we can see that 


(AUB) = {1, 9} and 
(AnBy = {1, 3, 4, 5, 6, 7, 8, 9, 105 


Two subsets of a universal set represented in a Venn diagram give rise to several 
regions. Some such regions and the way they can be written down using set 
complement, set intersection and set union are shown below. 


(i) g (ii) g 


A— B A———> <— B 
aby ANB a AUB 
(111) (iv) 
me -& 
(AU BY i (ANB) 
(v) (vi) 
€ € 

AnB' AAB 


For the example we discussed above, we have that 
ANB! = {4, 6, 8, 10} and A'A B = {3, 5, 7} 
Also, the Venn diagram given below is obtained by the Venn diagrams (v) and (vi) 


E 


(AN B‘)U(A'AB) 


Exercise 18.2 


1. a. Shade the region denoted by each of the following sets in separate Venn 


diagrams. 


(i) A‘OB! (ii) A! U BE 
(iii) (AN BY (iv) (AUB) 
(v) (ACB) U (AUB)! (vi) (ANB)! 
(vii) (d'^B)' (viii) (4 U BY! 
(ix) (AUB) 


b. By investigating the regions you shades in part (a) above, find all pairs of 


equal sets. 


2. Shown below is the Venn diagram of two sets A and B where ACB. In 6 copies 
of this Venn diagram, shade each of the given 6 regions. 


(i) ACB (ii) AUB 
(iii) AB (iv) AUB 
(v) (AUBY (vi) (4‘NBY 


3. The information on the children in a society is shown in the following Venn 
diagram. (The letters a, b, c and d indicate the regions in which the letters are 


written.) 


Age above 10 
years 


aa’ 


+ 


d 


— girls 


Describe in words the regions indicated by each of the letters a, b, c and d. For 
example, the boys whose ages are above 10 years are indicated by a. 


4. Let e = {1, 2, 3, 4, 5, 6, 7} 


UB = {4,5} 
ANB = {3} 
(AUB)! = {1} 


Include the above information in a suitable Venn diagram and hence find 4, 


AUB and B'QA. 


( 18.3 Relationship between the numbers of elements in two sets 


Shown below is a Venn diagram with two subsets A and B of the universal set such 
that ANB ¥(Q. Here n,, n, and n, denote the number of elements in the respective 
regions. (Though it is expected to write the elements inside the regions, we have 
written down the number of elements for ease.) 


Let us the denote the number of elements belonging to the subset A by n(A) etc. 
Then, from the figure, we see that 
n(A)=n, +n, 


n(B)=n, +n, 
n (ANB) =n, 
n (AYB)=n, +n, +n, 


Now, we write, n(AUB)=n, +n, +n, +n,—n, 


= n(A)+n(B) — n (ANB) 
Thus, we obtain the formula 


n (AUB) =n (A) +n (B) -n (ANB) 


The Venn diagram when the two subsets A and B are disjoint (i.e.,when 
AANB = Ø) is shown below. 


In this case, we see that 
n(A)=n, 
n(B) =n; 
n (AUB) =n, +n, 


Thus, when A^ B =Ø we obtain the formula 
n (AUB) =n (A) +n (B) 


Information on the numbers of students who participate in football and cricket 
are shown in the following diagram (In this case too, the numbers in the regions 


indicate the numbers of students in the regions). 
s 


Example 1 


5 
FootbalL_———_+—_ >| L Cricket 
(F) (©) 


How many students are 
. participating in football? n (F)= 8+7= 15 


. participating in cricket? n(C)=7+15=22 

. participating in both sports (both football and cricket)? n (F a C)=7 

. participating in cricket only? n (CMa F’)=15 

. participating in football only? n (F A C^) =8 

. participating in football or cricket (or both)? n (F o C)=8 +7+15=30 

. not participating in football? n (F^) =15+5=20 

. not participating in cricket? n (C) =8+5=13 

. participating in exactly in one of the two sports? n (F Aa C’)U (F AC)} 
=8+15=23 

10. Participating in neither of the two sports? n (FU CY = 5 


OMmONINNBWYP e 


Example 2 


The information obtained through a survey from a set of farmers in a certain village 
about the kind of crop they grow in their farms is shown in the following Venn 


diagram. 
E€ 


13 <— t Growing paddy (x) 


|_____. Growing vegetables (Y) 


(a) How many farmers are growing 

. vegetables? n (Y) = 25 

. paddy? n (X) = 7+ 25 =32 

. only paddy? n (YANX) =7 

. only vegetables? n(XiNY) =0 

. both vegetables and paddy? n (XNY) = 25 

. vegetables or paddy? n (XUY) =7 + 25 = 32 

. neither of the two crops? n (XUY/) = 13 

(b) How many farmers were surveyed? 
n(s)=13+7+25=45 


1. Find n(AVUB) if n (A) = 35, n (B) = 24, n(ATB) = 11. 

2. Find n(Y) ifn (X) = 16 , n (XOY) = 5, n (XUY) = 29. 

3. Find n(PAQ) if n (P) = 70 ,n (Q) = 55, n( PJQ) = 110. 

4. Find n(AAB) if n(4) = 19, n(B) = 16, n (AUB) = 35. What is special about the 


sets A and B? 
5. The numbers belonging to each region is indicated in the following Venn diagram. 
€ 


mic me 


Find n(P), n(Q), n(P A Q), n(P L Q) and verify the formula 
n(P L O) = n(P) + n(Q) -nP ^ Q) 
6. In a sports club of 60 members, 30 play cricket, 25 play elle and 15 play both. 
(1) Include this information in a Venn diagram. 
(ii) How many members do not play either of the above two sports? 
(iii) How many members play elle, but not cricket? 


NNO BWN eR 


7. Out of 30 who attended a party, 12 ate Kavum, 20 ate kokis and 5 did not eat 
either of these. Represent this information in a Venn diagram. 
(i) Find the number that ate both these food items. 
(ii) How many of them ate only one of these two food items? 


8. Out of 40 students in a class, 21 do not like to listen to the radio, 10 do not like 
to watch TV, and 8 do not like either of the two activities. 
(i) Represent this information in a Venn diagram. 
(ii) How many of the students like both activities? 
(iii) How many of the students like only to watch TV? 


9. From a group of 35 children who participated in a game, 19 were boys and 17 
were above 15 years. 6 of the girls who participated were aged below 15 years. 
(i) Represent this information in a Venn diagram. 
(ii) How many boys were above 15 years? 


10. From a group of 80 who went on an trip, 50% were wearing hats but were not 
wearing wrist watches. 40% of the group were wearing wrist watches, out of 
which 30 were also wearing hats. 

(i) Represent this information in a Venn diagram. 
(ii) How many of the group were not wearing either of the above mentioned two 
items? 


11. In a certain village, 36 farmers grow potatoes and 18 farmers grow only chillies. 
Furthermore, the number of those who do not grow potatoes is 24 and the 
number of those who do not grow chillies is 26. 

(1) Represent this information in a Venn diagram. 
(11) How many of the farmers grow neither of the two crops? 
(iii) How many of the farmers grow both crops? 


12. A survey conducted in a certain village on 80 randomly selected households 
revealed the following information. 
* 5 households had neither water supply nor electricity. 
* 30 households had no electricity. 
The number of households having only water supply was 7 more than the number 
that had both water supply and electricity. 
(i) Represent this information in a Venn diagram. 
(ii) How many households had both water supply and electricity? 
(iii) How many households had electricity but not water supply? 
(iv) How many households had no water supply? 
(v) How many households has exactly one of these facilities? 
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